Tech Note T25: Are mixed states and random sampling of states
equivalent?

Random sampling of trajectories: mixed states, measurements, simulations, and convergence

Note by Zlatko Minev.

Abstract This work investigates the impact of noise channels and random sampling on quantum state mea-
surements. We begin by considering an initial qubit state and analyze how a unitary noise channel affects the
state. By employing a twirling procedure over a subset of Pauli operators, we generate two distinct measure-
ment trajectories. We then compare the statistics of these trajectories with those obtained from a mixed state
ensemble. Finally, we analyze the moments—including expectation and variance—of both the measurement
outcomes and the probability estimates in a setting that mirrors a coin toss experiment. Our key result shows
that, despite different constructions (regular mixed states versus trajectory sampling), the average measurement
statistics remain equivalent, while their fluctuations capture the intrinsic shot noise.
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25.1 Twirling Variance: A Motivational Simple Example

25.1.1 Variance of Expectation Value of Twirled Channel vs. True Incoherent Equivalent
Channel

Example 1 Quantum Channel Representation: The quantum circuits illustrating the noise channel A
and its twirling are:

po A :=Rx(0) —prn : %(“L)

Definition 1 Initial and Noisy Qubit States: Let py = %(I + 20X +yoY + 20Z) be an initial qubit state.
Consider a unitary noise channel defined by

A() =UOUT = Rx(8)-,

with U := Rx(0) = exp (—igX) = cos (g) I —isin (g) X. The noisy state resulting from this channel is given
by
pn = A(po).

Definition 2 Twirl Operation: Define the twirl operation using Pauli operators {I,Y}. Each operator acts
via conjugation, producing two trajectory states:

p1=TIAIZ(po), py =IVAV(po),
where Z(-) == I(-)I and Y(-) =Y (-)Y.

Example 2 Measurement Sampling: Consider measuring the observable Z on states p; and py. Define
random variables z7, zy € {+1,—1} with probabilities

Plzs = a] = Te(a) (al pr),  Pley = a] = Tx(|a) (al py).

The trajectory average is defined as

1
Zp = 5(21 + zy),
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with expectation and variance given by

Elai] = 5 (E[er] + E[ov]),

1
Var[z] = Z(Var[zj] + Var[zy]).
Remark 1. The state p; == %(pl + py) captures the effective twirled state, averaging over the trajectories.

Example 3 Variance Calculations: Explicitly, the variance for different states and measurement settings

are:

Var[Z | po] = 1 — 22, raw state,
Var[Z | pn] =1 — (20 cos 6 + o sin 6)?, noisy,
Var[Z | pi] =1 — 28 cos? 0, twril effective,
1
Var[Z | twirl trajectory| = 5(1 — 22 cos? 0 — y2 sin? 0) twirl trajectory.

Remark 2. Notice the difference in variance due to averaging states versus individual trajectory sampling,
highlighting how twirling affects noise statistics.

idx Mixed state Classical E [z]
vari-
ables
Raw state 0,r 00 Zr 1—2°
Noisy state n pn = Apo Zn 1 — (2Cos[0] + ySin[0])?
Twirl effective e pe = 3 (TAT + YAY) po Ze 1 — 2?Cos[f)?
=1 (pr + py)
Twirl trajectory | I,Y,t | P[p] = 21,2y, 2| 1 — 22Cos[f]? — 3Sin[6)?
{0.5 LpPr = IAIp0,0.5 Py = yAyp()}

Definition 3 Composite Binary Variable Sampling: Let X be a binary variable sampled from two
Bernoulli distributions Bernoulli(p4) and Bernoulli(pg) with probability (1 —p) and p, respectively. Formally,

x Bernoulli(p), with probability 1 — p,
Bernoulli(pp), with probability p,

with 0 < b, PA,PB <1
Remark 3. The variance of X is calculated by conditioning on the selected Bernoulli distribution:

Var[X] = (1 — p)pa(l — pa) +ppp(1 — pp) + (1 — p)p (pa — pB)*-

Remark 4. The quantum circuit above visually emphasizes the sequential application of identity operations
and the noise channel, clarifying its implementation context.
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25.2 (T25) Are mixed states and random sampling of states equivalent?

Zlatko Minev 2022-July-25

Let us compare a mixed-ensemble state to a quantum trajectory version of it, i.e., one where we randomly sam-
ple one of the states in the ensemble for each instance / realization. Let us here only focus on the measurement
outcomes. We assume to work over a finite-dimensional Hilbert space H.

25.2.1 Summary and Overview

e Mixed States vs. Trajectory Sampling:
— Compare the regular mixed state (a “true probability mixture” at each realization)

PR=> Papa

a€h

with the random trajectory state, which actually chooses only one of the possible elements of the
mixtures p, (the K-th) in a given realization,

prK] = [K =a]pa = px ,
ach

where [K = a] denotes the Iverson bracket, which is 1 if K is a and otherwise is zero. The index T
stands for trajectory, since we sample from this.

— Demonstrate that the expectation values for measurement outcomes are identical in both construc-
tions.

— Show that the variance in the measurement probability (i.e., shot noise) is given by

Var[P,] = Pr(ler)

e Statistical Analysis:
— Detail the computation of moments of binary outcomes and classical probability estimators.
— Outline the derivation of sample statistics such as:
* Sample mean,
* Sample variance (with Bessel’s correction), and

* Estimators for classical entropies (including the Rényi entropy).

Refs Useful notes on images, see
e PEC Circuit Diagrams for paper circa 2022 - Part 2 - link

e PEC Circuit Diagrams for paper circa 2022 - Part 1 - [link


https://www.overleaf.com/project/6096f282d450214c938b80f8
https://www.overleaf.com/project/60a4cfc8b8e1e5cb4fbfe1bf%20
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25.2.2 Context

Suppose I define p two related ways: regular (R) and trajectory (T) sampled as one of some set of possible
variables

PR = Z PaPa regular, mixed state ensamble,
acA
pr [K] = Z [K =a] pa , trajectory, random operator instance,
acA

over some alphabet a € A, which represents the labels for each of the trajectories or states in the ensemble, p,
is some valid quantum state Tr (p,) = 1, K as a random variable (defined more precisely next), and [K = a] is
the Iverson bracket of the logical expression testing if K is equal to a. Notation: We will often omit the explicit
dependance of pr on K.

Iverson bracket is 1 if its condition is true, and zero otherwise,

K —a = 1, if K is.equal toa,
0, otherwise.

In this sense, the Iverson bracket can be though of as just the Kronecker delta [K = a] — 0x,. The categorical
random variable K is picked from the alphabet set K € A with some probability p,,

PrK =a] =p,,

where ) -, pa = 1. Note the key properties, where we take the expectation value E over the classical random
variable K:

Ex [[K = a] f (a)] Ex [[K = a][K =] f (a,))]
=Y (b=a] f(a))Pr[K =] =Y (le=allc=10]f (a,0)) Pr[K = (]
beK ceK
= dapf (a) Pr[K =] = GacOpef (a,b) Pr[K = (]
beK ceK
= f(a)Pr[K =d] = 0apf (a,a) Pr[K = d]
= f(a)pa , = dav.f (a,a) pa - (1)

In the right column of expressions, we have made use of the identity ), d;10x; = 0i;. One can also ask about
more complicated functions, such as expectation of functions that explicitly depend on the trajectory choice,

Er [f (a, K)] = > pex [ (a,0) Pr[K = b] = 3k f (a,0) po.

Expectation value directly over states. Averaging over the Ex [p7 [K]] = >~ ca Ex [[K = a]] pa = Y_4cp PaPa =
PR, where we used Eq. in the rightmost equality. The average trajectory density matrix is equal to the en-
semble one as expected. This is by construction.

Note that in trajectory simulation you might calculate <O> (pa). Over different sets of p,

Measurement operators. To sample a measurement outcome, we will sample pr or the random state pr
as randomly picked by sampling the random variable K. Let’s pick a general quantum measurement of an
operator M = Y mem M (m) fu,, where the positive-semidefinite measurement operator is fi,, € Pos (#), with
P I , where the system Hilbert space is H, and the outcomes of the measurement are m from the
alphabet M, and the operator corresponding value is M (m). For simplicity, we can take M (m) = m. The
probability to sample a measurement outcome m of the classical random measurement outcome variable M
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is Pr[M =m] = (um,p) = Tr ([an) = Tr (ftmp) since /lin = f[um (every positive semidefinite operator is
Hermitian).
{fim: m € M}
: M ~ Pi1 = ol = Tr(ip)
Example: Qubit with measurement operator M = 15£ = 0]0) (0| +|1) (1], classical outcomes random variable

and outcome labels M, m € M = {0,1}, and measurement operators fip = |0) (0] and f1; = |1) (1].

25.2.3 Probability to sample a measurement outcome.

Let’s calculate the measurement probability to sample the random classical variable M having the outcome
m € M for the two case of pr and pr. In the regular case, the probability to sample M = m denoted py,r is
just a number that depends on the state pr. Keep in mind that pr is a random operator, so the probability in
the latter case to sample M = m per shot, denoted p,p|/<], will itself become a random variable!

Pm|r = Pr[M = m|pg] P[] = Pr[M = m|pp|K]] (2)
= Tr (ftmpr) = Tr (ftmpr [K])
=Tr <ﬂm Zpapa> =Tr (ﬂm Z [K = a] Pa)
acA a€A

= Pa Tr (ftmpa) = [K = a] Tt (fimpa)

acA a€A
:Zpapa,m7 —Z *a/pama

acA a€A

where we have defined pq m = Tr (fimps) the probability to measure outcome m given ensemble state a. The
only difference is highlighted in purple. Again, note that the expression on the left is a deterministic value and
the one on the right is a stochastic one. These expressions dictate everything else there is to know about the
problem; i.e., all else follows from here.

Random probability. In the regular case p, g just looks like a simple nice concatenated sum over the index a.
The interpretation here is that the probability to measure M = m is just the sum over the joint probability to
get trajectory a and then in that trajectory to measure m. In the trajectory case, the probability p,,r is itself a
random variable (though a very special one), since K is a random variable. There are a few tricky points here:

1. Set of possible outcomes (support of the discrete random variable) [pm|T[KH = {pa,m :a € A}.
There are |A| possible number of outcomes.

2. Probability of possible outcome: Pr [pm|T[K} = pa’m] = p,. This is really what we mean by the trajec-
tory construction. Note that while p,, 7 is technically a sum over the random variables comprising the
random bit [K = a] and some real number, there is only one and exactly one random bit that is 1 and all
others are zero for any sample value K, which greatly simplifies the situation here and merely picks out
one term in the sum with the corresponding right probability.

3. Expectation value. In the regular case, E [pmm] = Pm|r and Var [pm|R] = 0, and there is only one
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possible outcome. In the trajectory case however, using results from Eq. ,

E [pm|T} =E [Z [K = a pa,m] E {PEMT} =E [Z Z [K = a] [K =] Pa,mPbm

acA a€A beA
=Y E[[K = a]]pom =YY E[[K = a][K = b]] pampm
achA achA beA
= Zpapa,m = Z Zpaéa,bpa,mpa,m
acA a€A beA
(nOte) = Pm|R > = Zpapg,m )
acA

(note) # (Pmir)”

25.2.4 Details looking at the probability random variable moments (skip)

(You can skip to next subsection. The following is not needed for the latter.)
To compare the regular to the trajectory case:

1. the average expectation values of the probabilities are all the same: i.e., E [pm‘ R] =K [pmrﬂ

2. the fluctuations (variance) of the probabilities are not the same (since one is deterministic): you can see

2

m|T]. But this may not come

this in the second moments being different as it comes from E [p?nl R} #E {p

up as we will see!

Differences and variance. Let us examine the variance and difference closely. We can calculate the variance
. . 2
using Var [X] =E [XQ] —E [X]Q, ie, Var {pfnu,] =E [p%‘T} —E [pm‘T] :
E [prir] = E [pmr] =0

b [pfn\T} -B [pgan} =k [pfnﬂ —E [pmir)”

= |pr| = E [pmir]” (3)
= Var [pm|T]
2
Var [pm\T} = Zpapim - (Z papa,rn)

achA ach
= (PaPi s = PaPem) = D Y PaPbPamPom

a€hA a€A b#a
= a1 =pa) Doy = DD DaDbPamPom -

a€hA a€A b#a

The difference comes form the interference of the cross-terms, which are strictly not present in the trajectory
case. Note the likeness of the coin toss variance expression p, (1 — p,). Note the squares are not linear in p. So
it may appear that these are not equivalent. However, we never have access to these variables directly, rather
they only determine the statistics of the random variables we will actually sample. So we will have to see how
they get affected.

25.2.5 Sampled random variable

Individual outcomes: probability. Suppose we now look at the expression on the random samples outcome M
that will give the counts or expectation value of the probability to sample M = r. The expression is [M = r|
which is one if M = r and zero otherwise. Let’s find it’s expected value and variance.
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The expected value of this expression is, see Eq. ,

Ex [[M =r]lpr] = > [m=r]Pr[M =mlpr] Exum (M =r]|pr] =Ex

Y m=r]Pr[M= m\pT]] (4)

meM meM
= Z 5mrpm|R Z O Z [K = a} pa,m]
meM meM ach

= Pr|R = Z derpa,m Ex [[K = a]]

meM acA

= Z Zémrpa,mpa

meM acA
= E PaPa,r
a€A
= Dr|R » = DrR -

Both cases boil down the same probability distribution over the outcomes!! Identical!These determine
everything there is to know about the distribution.

Functions of the distribution variables.  Note that any function we care about (of the random variable M)
will be determined by them entirely. (Question: Is it possible to look at some correlations within the data, from
two different samples to find differences? No, because the samples are independent.) Using Eq. IZIL

En [f (M) |prl = > f(m)Pr[M =mlpr]  Exu[f (M)|pr] =Ex | Y f(m)Pr[M =m|pr]
meM meM
= Y f(m)Eg [Pr[M = m|pr]]
meM
Z f pm|R7 Z f pm|R (5>
meM meM

In other words, the expectation value over the regular ensemble or trajectory here is indistinguishable from the
measurement outcomes:

Env [f (M) |pr] = Egm [f (M) |pr] -
However, note that we could think of a more general function f (M, K) which could only be applied in the

trajectory case, this is the basis of quasi-distributions (see Sec. [25.2.8)).
Example: f (M) = M, using Eq. (f)),

Exn [f (M) |pr [K]] = Ear [f (M) [pr] Ex v [f (M) |pr [K]] = Ear [f (M) |pr]
for (f (M)=M) = mpupr =Y f(m)pir (6)

meM meM

=D mY_ paTr[fmpd] =Tr (Z f (m) ﬂm> (Zpapa)]
meM  a€A meM acA

g ()

meM acA
=Tr [MpR}
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Note that if we used f (M) = M?, we wouldn’t see a difference either between the two cases, R and T. Hence,
no difference in the variance between the two.
Reminder on functions of operators and the measurement operators

M ="M (m) fim , M? =" " M (m) M (q) funfiq -

m M (m)]2 fim, and they would be the eigen-
M) = .. [ (M (m)) fim, but more generally

Note that if orthogonal projectors fi,,fly = flm0Omgq then M? = >

value / eigenvector pair. If such eigen-decomposition, then f

/N

more complicated.

25.2.6 Multiple instances

FE
#%

N

p[Kx

Multiple instances. Suppose that we have sampled the random outcome variable M not just once but N times,
so we have the set of random variables {Mj,..., My}. Note that each of these is independent (which we could
get around by using entanglement or other correlations among them and doing bell measurement using a copy of
the state p but we wont get into that here. There are many quantum advantage tricks to play that way.) Since
M, and M, for n # n’ are independent, all the statistics of the total ensemble of outcomes is just governed by
those of a single instance. In other words, nothing particularly interesting beyond the standard happens here
and there is not difference between the R and T cases. In other words, for a general, non-K dependent function
f(My,...,My) over the outcomes

EM[f(Ml,...,MN)|p1,...pN]: Z f(ml,...,mN)Pr(Ml:ml,...,MN:mN|p1,...pN)
M,y MN
= Z flmy,...,my)I2_ Pr (M, = myu|p[K,]) , (independent trials) ,
TN yeeey MUN

where the probability Pr (M,, = m,|p) is what we calculated in Eq. for a single instance, and we showed it
is the same for both the R and T cases. Note that for the random casep

Sample statistics. Note that f (Mj,..., My) can cover just about all key function. Keep in mind that M,
stands for M, [K,]. Examples include (note S stands for S (M, ..., My), etc.):

’ Statistic \ Description / Estimator ‘
P, = % 51\7:1 [M,, = r] Empirical probability to measure M = r
S =% ZnN:1 M, , Sample mean
V=gt (Mn -+, Mn> Sample variance (unbiased; Bessel’s correction)
f(My,...,My)= % nyzl f(My) Average of generic function of the outcome
H:=—-> viPmnlog(P) Classical entropy of the outcomes
H, = ﬁ log (ZmGM P%) Classical Renyi entropy of the outcomes
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Sample mean. The sample mean statistic .S,

N
1
Eny oMy ik [S] = N ZEMI'”MnaKl“'Kn [M,]

n=1

explicit

N
1 A~
n=1

where we used Eq. (@ for the last equality.

Empirical probability.

N
1
Enyenty rreiin [B] = 5 > Eatety g1k [Ma = rlom,0 (K]
n=1

= N Eanc (M = 1] lpr (K]

= Pr|R
= Tr (fimpr)
= (fim) (Pr) = Ex [{ftm) (pr [K])]

using Eq. for the last equality.

Empirical probability square.

N N
1
Entye-tt.trii [P = 52 D0 O Bttty gveet, [Ma = vlpra [Kall [Mj = rlor (K] -
n=1 j=1

The argument we can evaluate stand alone. It only depends on 1 or two variables. We should split the two
cases when n = j and we refer to teh same variable and the case when n # j and we refer to different variables:

My = rlomn [Kal) [M; = 7l (1) = b (M = rlprn (Kl + (1= 8ng) (M = rlprn (K] [M; = o [55]]

Taking the expectation value over each part, using the independence for n # j, Enr, .., i, K, [Mn = 7|prpn [Kn)) [M; =1
Entyoos w16 [[Mn = 7l p1n [Kall] Eagy oy k11, (1M = lprs [,

us Bty b K (M = 710730 (K lll + (1= 85) Byt 1o [ = 7l [l (M5 = o 1]

= OnjPr + (1 - 6nj)prpr

= OnjPr (1 _pr> +p72~ .

Putting it all together,

N N
1
Eny oMy KKy [PTQ] = N2 g E Sngpr (1 = pr) +p%
n=1 j=1

pr(1—=p;)
:pg+%
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Variance of the probability statistic

Vaer---MMKl---KN [PT] = EMI"'MNyKl"'KN [Prz] - EM1---MN,K1"-KN [PT]2

Dr (1 - pr)
N

This is the key shot noise result! It is independent of R or T case, as follows from the equivalence established

in Eq. .

Sum of probability estimate squared. Of interest is classical second Renyi entropy argument ) P2,

Entyety ik | O Pl = D Enpeonty iy [P

meM meM
pm (1 —pm)
- X g el

meM

which in the limit of large number of shots N will be a good estimator for the sum of the probabilities. However,
it is a biased estimator.
What of the variance of this non-linear quantity Var [Pn%] and Var [ZmGM an]

25.2.7 Instance-dependent functions

Suppose we consider a more general function that can depend on the circuit instance K.

25.2.8 Quasi-probability distributions (QPD)

Caveat emptor These pages are a work in progress, inevitably imperfect, incomplete, and surely enriched with typos and
unannounced inaccuracies. Sources credited in Bibliography to the best of my ability, though certain omissions certainly remain.

Notes by Zlatko K. Minev (zlatko-minev.com)
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