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22.1 Positive semidefinite operators

Here, we prove Lemma 3.3 of Watrous (2018) in some detail and point out the neat technique
used to cast a sum of operators as a product of operators in a larger, augmenting space,
which mixes quantum states and amplitudes. All references in this section refer to Watrous
(2018).

Lemma 3.3 of Ref. Watrous (2018). Let X be a complex Euclidean space, let Σ be an
alphabet, let u 2 C

Σ be a complex vector, and let fPa : a 2 Σg ⊂ Pos (X ) be a collection of
positive semidefinite operators. It holds that
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∥

; (1)

where u (a) 2 C denotes the a-th element of the vector u and the spectral operator norm is
equally denoted kPk = kPk∞.

In words, the spectral (infinity) norm of the sum of the operators weighted by the complex
vector is bounded by the maximum (infinity) norm of u times the the spectral norm of the
unweighted total sum. The largest absolute value of the elements of vector u is the 1 -norm
kuk∞ = max (ju (0)j;ju (1)j;:::). So, bound is set by the largest absolute value in the weights
times the total norm of the unweighted sum. In a sense, this bounding value could represent a
worst-case error.

For a looser bound, we can use the triangle inequality property of the norm,
∥

∥

∑

a∈Σ Pa

∥

∥ ≤
∑

a∈Σ kPak.

Proof.

First, a few observations:

1. Pa = P
†
a because Pa is positive semidefinite (see bottom of page 17).

Recasting sum of operators as a matrix product. We would like to reframe the sum as
an operator product equation to make use of the Schatten norm properties more directly. To
achieve this, we first combine the spaces of u and Pa by introducing the auxiliary operator
A 2 L

(

X;X ⊗ C
Σ
)

, where C
Σ is the space the vector u lives. The map A takes a quantum

state vector and maps it to another one in a space that additionally keeps track of which Pa

mapped it.

A :=
∑

a∈Σ

√

Pa ⊗ ea =
∑

a∈Σ

√

Pa ⊗ jai ; (2)

where we can think of the unit basis vector ea = jai (and define the matrix basis element Ea;b =
jaihbj). It follows,1 A†A =

∑

a∈Σ Pa. In other words, A is a factorization of the sum. To factor
the weighted sum, we just need a kind of metric, which will be u in matrix form as a diagonal

1First, A
†
=

∑

a∈Σ

√
Pa ⊗ ⟨a| , then A

†
A =

∑

a∈Σ

∑

b∈Σ

(√
Pa ⊗ ⟨a|

)

·
(√

Pb ⊗ |b⟩
)

=

∑

a;b

√
Pa

√
Pb ⊗ ⟨a|b⟩,

using ⟨a|b⟩ = δab, it follows that A
†
A =

∑

a∈Σ
Pa.

Z.K. Minev



T22: Bounding sum of operators

matrix U = Diag (u) 2 L
(

C
Σ
)

. In matrix form then, U :=
∑

a∈Σ u (a)Ea;a. With this ’metric’
in place, the sum of Eq. (1) is more succinctly expressed as the ’larger’ matrix equation

∑

a∈Σ

u (a)Pa = A†UA ; with A :=
∑

a∈Σ

√

Pa ⊗ jai and U := Diag (u) : (3)

This construction is quite general and useful. Now, all we have to do is bound
∥

∥A†UA
∥

∥.

Norms. Let’s collect a few quick preparatory observations.

1. Schatten p-norm is submultiplicative: kABCkp ≤ kAkp kBkp kCkp (Eq. 1.176)

2. The Schatten p-norm of the diagonal matrix is just given by the corresponding vector
norm kUkp = kukp; i.e., kUk = kuk∞ (follows from Eq. 1.167).

3. Schatten p-norm is invariant under adjoint
∥

∥A†
∥

∥

p
= kAkp (Eq. 1.177)

4. Schatten 1 -norm has kAk
2

∞ =
∥

∥A†A
∥

∥

∞
(Eq. 1.178)

5. Schatten p-norm is multiplicative wrt tensor product kA⊗Bk = kAk kBk (true for p = 1

and p = 2 have to check for others, should follow from Eq. 1.167)

Bounding norm. For sum, now simply A†UA,
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remark 4 (spectral norm only)
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∥
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This proves Eq. 1; QED.

Further questions

1. Generalize to sum of Hermitian operators.

2. Does it hold for p = 1 or p = 2 norm?
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