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Graph Theory

Chromatic polynomial
Classical hardness

Zlatko Minev

Icons: Freepik, Iconjam
! J IBM Quantum



Graph coloring: Proper vertex k-coloring

Task: Assign colors to the nodes
such that no two adjacent vertices
share the same color

We use graph coloring all the time
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Example: Graph G

No proper colorings of G tor kK = 1 colors

All colorings of G for k = 2 colors: red, blue

000 000

All colorings of G for k = 3 colors: red, blue,




Chromatic polynomial: Proper vertex k-colorings of a graph

Number of

proper
colorings

X(G, k)

20t

A

(G, k) =k — 2k* + k°

-

No proper colorings ot G
for k =1 colors

\_

~
The chromatic polynomial (G, k) of

each graph G interpolates through the
number ot proper colorings ftor k colors.

/

All colorings of G for k = 3 colors: red, blue,

O @ O
00 0060

All colorings of G for k = 2 colors: red, blue

00 000
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Chromatic polynomlal Proper vertex k-colorings of a graph
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Classical hardness of chromatic polynomial
XG. k)
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Extremely well studied in complexity theory tor 50+ years

No efficient classical a
X(G, k) are known for any k, except for the three easy points k=0, 1, 2

BOP-complete (c
chromatic polyno

Complexity of computing the chromatic polynomial is completely understood

#P-hard, #P-complete

Calculating P(G,k) exactly involves counting all possible valid colorings, a task
that generally requires exponential time in the size of the graph for arbitrary G

Calculating the number of k=3 colorings of a graph x(G,3) is the canonical
example of a #P-complete problem

More generally, calculating the chromatic polynomial (G, k) Is
#P-hard (typically exponential or worse runtime)

for all

Even

olanar graphs are #

k (including negative integers and even all complex numbers)

P-hard

oproximation algorithms tor computing

And, no fully polynomial randomized approximation scheme (FPRAS) exists for rational k>2

Possible path to quantum advantage?
Relation Fibonacci string-net condensate?

ecision version): additive approximation of the
mial on a planar graph can be achieved with a
polynomial-time quantum algorithm

Bencs, et al., Approximating the chromatic polynomial is as hard as computing it exactly. Comp. Complexity (2024) D. Vertigan, The Computational Complexity of Tutte Invariants for Planar Graphs, SIAM J. Comput. (2005)
Aharonov, et al. Polynomial Quantum Algorithms for Additive approximations of the Potts model and other Zlatko Minev

Goldberg, et al., Inapproximability of the tutte polynomial, Information and Computation (2008)
Goldberg, et al., Inapproximability of the tutte polynomial of a planar graph, computational complexity (2012)

Points of the Tutte Plane. (2007)

IBM Quantum


https://www.flaticon.com/free-icon/magic-ball_867891?term=crystal+ball&page=1&position=19&origin=search&related_id=867891

Can the chromatic polynomial be encoded in an
etticiently-preparable many-body state ana
sampled on near-term hardware?

First proot-ot-principle protocol and experiments
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Topological matter and QEC

Start with something we know: Toric Code

Primary
lattice Josiah Sinclair

! | Vertex Av _ H Xj Morning session
Plaquette B, =112

Hamiltonian H=-) A,-» B,

... | |

Toric code:
Kitaev, Proceedings of the 3rd Intl. Conf. of Quantum Comm. and Measurement (1997) /latko Minev
Kitaev, "Anyons in an exactly solved model and beyond". Annals of Physics. 321 (1): 2-111 (2006) IBM Quantum

Qubit

Commute Ay, Bp] =0




Topological matter and QEC

String nets in the Toric code

Qubit Qubit Dual
in 1> in [0> lattice

"~ Vertex A, =] X,

Plaquette B, = 1|2

Hamiltonian H=-) A,-» B,
v p

String loops Example of individual qubit
state configuration (graph!) 020000111100

Example minimizes the B-plaquette term of Hamiltonian AH.
All topologically-equivalent trivial loops on dual lattice have same energy,

as the all zero state.

A A
I

Toric code:
Kitaev, Proceedings of the 3rd Intl. Conf. of Quantum Comm. and Measurement (1997)
Kitaev, "Anyons in an exactly solved model and beyond". Annals of Physics. 321 (1): 2—=111 (2006)

Zlatko Minev
IBM Quantum



Topological matter and QEC

Ground state

Qubit Qubit Dual

"1 n 0> attice Topological ground (vacuum) states

of Toric code with periodic b.c. on torus.
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Image: D. Kufel

Toric code:
Kitaev, Proceedings of the 3rd Intl. Conf. of Quantum Comm. and Measurement (1997) /latko Minev
IBM Quantum

Kitaev, "Anyons in an exactly solved model and beyond". Annals of Physics. 321 (1): 2—=111 (2006)



Topological matter and QEC

Ground state

oust to local
‘bations

Topological: Ro
errors/pertu

Ground state is a ) =

condensate of closed strings

EFach string graph has
same phase and amplitude!

Topological ground (vacuum) states

of Toric code with periodic b.c. on torus.

.......

Image: D. Kufel
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Topological matter and QEC

Quasiparticle excitations: Abelian anyons

m
X
E
4

4

e

— -

Toric code:
Kitaev, Proceedings of the 3rd Intl. Conf. of Quantum Comm. and Measurement (1997)
Kitaev, "Anyons in an exactly solved model and beyond". Annals of Physics. 321 (1): 2—=111 (2006)

Anyons at the ends of broken strings
Properties topological, several flavors

Braiding — logical Clifford gates

No native universal gates *

See recent advances 2
“Quantum error correction
below the surface code 88580 N e

threshold” by Google team |} f/’/ /

Zlatko Minev
IBM Quantum



Qubit
in |0O>

@ O\g
@

Levin-Wen model

Vertex A, QQ> = 81 Qié>

o - [ 1 ifijk =000,011,101,110, 111,
Projection dijk = { 0 otherwise.
Ptaq Uette B B, Is a twelve-qubit
p Interaction — hard!

Golden ratio hidden inside

Hamitton -» A,—)» B,
v p

String nets

M. A. Levin and X.-G. Wen, Phys. Rev. B 71, 045110 (2005).

Zlatko Minev

M. Levin and X.-G. Wen, Rev. Mod. Phys. 77, 871 (2005). 1sMouantum



Geometry rules and deforming graphs

g Branching rules Ve > \_ >_

F-move
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String-net condensation offers a general mechanism to study
party- and time-reversal invariant topological phases ZatkoMiney

R-move




Fibonacci string-net condensate (Fib-SNC) vacuum

Trivalent Qubit Qubit
subgraph G in 0> in 1>

- O 0O
: Bl
VG = Grac? = 4 i
vac + 2
Relative sampling probability Golden Chromatic polynomial RLtEt Y
of vacuum bitstrings ratio of the dual graph |
- grap y
he exact evaluation of the wavefunction amplitude ¥(G) is #P-hard.

L. Fidkowski, et al., From String Nets to Nonabelions, Commun. Math. Phys. (2009). P. Fendley and V. Krushkal, Tutte chromatic identities from the Temperley—Lieb algebra, Geometry & Topology (2009). Zlatko Minev
P. Fendley and E. Fradkin, Realizing non-Abelian statistics in time-reversal-invariant systems, Phys. Rev. B (2005). P. Fendley and V. Krushkal, Link invariants, the chromatic polynomial and the Potts model, Adv. in The. and Math. Phys. (2010). 1M Quantum



Excitations: Fibonacci anyons as a universal FQTC primitive

Logical qubit encoding

00>
10) =

— Universal gate set for tault-tolerant quantum computation

— No need for any additional gates for fault-tolerant quantum Logical non-Clifford gates

computation (FOTC) (unlike Toric, surface, LDPC, etc.)

— Highly-entangled states, hard to simulate classically O-]_ F Y

— Rooted in Fibonacci sequence and golden ratio :
— Non-abelian topological order and QEC g

— Beyond stabilizer codes (Toric, surface, ...)

Zlatko Minev
IBM Quantum



Fibonacci string-net condensate and anyons for universal FOQTC

Goal 1 Goal 2
Realize faithful Fibonacci string-net condensate Braid non-Abelian Fibonacci anyons
to sample chromatic polynomials (classically hard) to perform logical gate that is non-Clifford (universal)
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The challenges

Goal 1 Goal 2
Realize faithful Fibonacci string-net condensate Braid non-Abelian Fibonacci anyons
to sample chromatic polynomials (classically hard) to perform logical gate that is non-Clifford (universal)
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Unreachable so rar. Why?

— B_is a12-qubit operator Despite successful implementation of topological states with
p . | .

Circuit depths are incredibly large Abelian anyons [1, 2] and even non-Abelian Ising [3, 4] and D,

anyons [5], whose braiding is restricted to Clifford gates at

— Operations require many F-moves, requiring best. Recent attempts [6] showed promise, but 12-qubit

hish-weight controlled operations operators torced the use of approximations, making graph

condensation exploration practically inteasible.

[1] Science, 374 1242 (2021); [2] Science 374,1237 (2021); [3] Nature 618, 264 (2023);

[4] Chinese Phys. Lett. 40, 060301 (2023): [5] Nature 626, 505 (2024): [6] Nature Phys. 20, 1469 (2024) oM oAy



Solution! Overcoming the challenges

o ey s 4 Dynamical string-net preparation (DSNP)

- Scalable, suited for hardware
- Efficient in qubits / gates - few qubits can represent full plaguette

- General for any string nets. See paper for explanation
Braid non-Abelian Fibonacci anyons \ - ExaCt’ no approx'mat|0n8| /

to perform logical gate that is non-Clifford (universal) \
How?
- - Based on reconfigurable graphs + some theory team magic :)
N - Build graphs in virtual not physical space (see manuscript)

AUANANANANANANANYD

SANANANAVANANANAN

Zlatko Minev
IBM Quantum



/ Realize faithful Fibonacci string-net condensate \
to sample chromatic polynomials (classically hard)

R /
\

/ Braid non-Abelian Fibonacci anyons
to perform logical gate that is non-Clifford (universal)

Solution! Overcoming the challenges

-~

Dynamical string-net preparation (DSNP)

- Exact, no approximations!

- General for any string nets. See paper for explanation

- Efficient in qubits / gates - few qubits can represent full plaguette
- Scalable, suited for hardware /

/+ Many execution improvements N

- new SOTA hardware with low-crosstalk

- optimized compiling and error aware-layout
- composite error-mitigation

- see supplemental information

/

AUANANANANANANANYD

EANANANANANANANAN

Zlatko Minev
IBM Quantum



EXpe riment Real-time benchmarking o ibm torino__
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Preparing a 2D Fib-SNC with dynamic string-net preparation (DSNP)

Realize faithful Fibonacci string-net condensate
to sample chromatic polynomials (classically hard)

000000
[ X Jol JeI )
PC00®0
000000
| X Jol JeI )
000000
ool 1 X I/
(X Jol o)
©00000

Dynamical string-net
preparation (DSNP)

Zlatko Minev
IBM Quantum



Two-dimensional four-plagquette Fib-SNC vacuum

Start small
and simple

Dynamical string-net
preparation (DSNP)

Zlatko Minev
IBM Quantum



Two-dimensional four-plagquette Fib-SNC vacuum

i 0
\0 R
o) (
F- move 26 F-move 5
60 4 dg 6

4o|()

R

0O

L
d 5 \.

Qb

7/

0O

+2 ancillas to simplity multi-control Tottolis -> 11 qubit

Dynamical string-net
preparation (DSNP)

"

R
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60
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70
d5

Zlatko Minev
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Transpiled to device topology and native gates: Deep Circuits

After highest optimization level with more than 20 retries (see appendix for optimization details)
(Circuit for t1 braiding, but representative of idea)

Zlatko Minev
IBM Quantum




Probability

Raw experiment data: Sampling the FIb-SNC
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00351

0.030-

0.025 -

0.0201

0.0151

0.010-

0.005 1

----------

Valid configurations

0.000

(easy to check) - mitigation,
’//// ~than readout!
Invalid configurations
(violate branching rules)

: f \

— R T O TR AR /1| T P | ...7 | .:,'HI”_ il Wk g b L

500 1000 2000

211 =2048

Bitstring configuration / String-net graph

Bulk EM: None; Readout EM: M3; DD: XY-4; Twirl: 1200; Shots: 30 x 10¢;

Zlatko Minev
IBM Quantum



: Sampli
FIb-SNC

Data

ing

Experiment averaged
over graph class

211 =2048
Zlatko Minev
IBM Quantum

DD: XY-4; Twirl: 1200; Shots: 30 x 10¢;

Bitstring contiguration

Readout EM: M3:

Bulk EM: None;
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Flbonaccl anyons

wd’
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Fibonacci Anyons: Excitations of Fib-SNC

The FIb-SNC is equivalent to the combined vacuum of a time-reversed pair of topological quantum fie
Each copy of the TOFTs is represented as a green sheet (each resembles TOFT for filling-factor 12/5 @

d theories (TOFTYS).
uantum Hall state).

Each wormhole connects the two copies. When encircled by the vacuum loop, these wormholes are e

-feCtlvely ClOS@d. Zlatko Minev

IBM Quantum



Creating Fibonaci anyon pairs and certitying their anyon charges

Theory (grey bars) vs.
experiment (colored bars)

(a) 1) [1) (b)
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Braid non-Abelian Fibonacci anyons
to perform logical gate that is non-Clifford (universal)




Non-Clittord logical gate: Tl anyon braiding experiment

11 11 Vacuum

\(i>
Non-Clitford logical gate
Braid l

0.2| > - ¢—164ﬂi/5m+¢—1/26—3ﬂ'i/5m

Fuse




Non-Clittord logical gate: Tl anyon braiding experiment




Non-Clittord logical gate: Tl anyon braiding experiment
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Summary & Outlook

| | | o — Scalable approach to generating and
Realize taithful Fibonacci string-net condensate manipulating Fib-SNC

to sample chromatic polynomials (classically hard)
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estimate tr

Braid non-Abelian Fibonacci anyons
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