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Twirling 101: Overview

Twirl operationally

Simple example

General application

Summary

Theory of twirling

Why does twirling work?

Masking channels

Optional: Advanced

Why is the Pauli group special for twirling?

Other twirl groups

Designs
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First, let’s look at 
twirling 

operationally
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Quantum channel

Imagine a quantum channel

<latexit sha1_base64="XU9v9R9UIBRg5PjkbzX50i612EM=">AAAFwHicnVTbbtNAEN2WBoq5tfDIy4gqqEhJ5FRcKxWq9oUHCkWiF1FH1Wa9SVaxd53dTUNi+V+Q+Bd4hDfE3zBrRzSXIlFGtjWaM7N75ux4m0kkjPX9XwuLV5ZKV68tX/du3Lx1+87K6t1Do/qa8QOmIqWPm9TwSEh+YIWN+HGiOY2bET9qdncdfnTGtRFKfrDDhDdi2paiJRi1GDpd2QyavC1k2utTaUV3lHlBbwAPIWhTy9PgDa4U0swFegMv4DI8zzxdWfNrfm4w79THztqrb95W8uWnt3+6uiSDULF+zKVlETXmpO4ntpFSbQWLOG7dNzyhrEvb/ARdSWNuGmneZAZl jITQUhpfaSGPTlakNDZmGDcxM6a2Y2YxF7wQSzpDI5jJYCo6FgMjzotEU1M9nJRpkqttPW+kQiZ9yyUrqLb6EVgFTnMIhebMRkN0KNMCuwXWoZoyiyfjoZX/z1wd7GFDm/BWMA7YmxafoJqrhFMhDJxxZkDJAmLc7VaGSe5WU2kSqvFMGqnElGIRVKMMBcbxa6H6EtfocgPCglHuQUfhaA2wIQwnRV0FuGW12eKYhhxU06iIWw5Cwoa/Ua+gYyynISAdQAJ8AKGyBqgMx61MqZxnVF1GpciuFkkztD0vQIypOMZ10mAk4yyFMnyMqO0qkFM6aTXId8Nh6sfSA4DACbmX4+8S94uY1IXRWkIbW8WKytjFosoYYyrkVRS9+geBLQjyEU3bmg6zvyS6 /acTMy+b5c/m+Bd03dla/Af+gfVlqF7AQM8xcMT/fXsn2qUECHkrGDGWBoxHUQ6eOLCR+rUXT7LsnMwu4pDfcrCOBY/yye/gTAnZ9jy8oeqz99G8c7hRqz+tPX7vr23vkMKWyX3ygKyTOnlGtslrsk8OCCOfyVfynfwo7ZQ6JVXqFamLC+Oae2TKSqPfqbvdTA==</latexit>

Λ

Can be any CPTP map

T1, T2, coherent noise, 

cross-talk, etc. 
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Twirl the channel

Imagine a quantum channel  sandwiched in the following way

Randomly chosen 

unitary gate P
a

from some set

C. H. Bennett, D. P. DiVincenzo, J. A. Smolin, and W. K. Wootters, Physical Review A 54, 3824 (1996)

C. H. Bennett, G. Brassard, S. Popescu, B. Schumacher, J. A. Smolin, and W. K. Wootters, Physical review letters 76, 722 (1996)

E. Knill, D. Leibfried, R. Reichle, J. Britton, R. Blakestad, J. D. Jost, C. Langer, R. Ozeri, S. Seidelin, and D. J. Wineland, Physical Review A 77, 012307 (2008). 

E. Magesan, J. M. Gambetta, and J. Emerson, Physical review letters 106, 180504 (2011)

...



Zlatko Minev, IBM Quantum (6)

Twirl the noise channel (not gate yet) over the Paulis

Example: qubit channel

twirl over Pauli group

What does the twirl 

construction look like?
Average over some set of gate 

{Pa} that form a group or a 

design (to be defined later)

average over instances

equal probability 

noise!
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Example
Coherent over rotation

<latexit sha1_base64="XU9v9R9UIBRg5PjkbzX50i612EM=">AAAFwHicnVTbbtNAEN2WBoq5tfDIy4gqqEhJ5FRcKxWq9oUHCkWiF1FH1Wa9SVaxd53dTUNi+V+Q+Bd4hDfE3zBrRzSXIlFGtjWaM7N75ux4m0kkjPX9XwuLV5ZKV68tX/du3Lx1+87K6t1Do/qa 8QOmIqWPm9TwSEh+YIWN+HGiOY2bET9qdncdfnTGtRFKfrDDhDdi2paiJRi1GDpd2QyavC1k2utTaUV3lHlBbwAPIWhTy9PgDa4U0swFegMv4DI8zzxdWfNrfm4w79THztqrb95W8uWnt3+6uiSDULF+zKVlETXmpO4ntpFSbQWLOG7dNzyhrEvb/ARdSWNuGmneZAZl jITQUhpfaSGPTlakNDZmGDcxM6a2Y2YxF7wQSzpDI5jJYCo6FgMjzotEU1M9nJRpkqttPW+kQiZ9yyUrqLb6EVgFTnMIhebMRkN0KNMCuwXWoZoyiyfjoZX/z1wd7GFDm/BWMA7YmxafoJqrhFMhDJxxZkDJAmLc7VaGSe5WU2kSqvFMGqnElGIRVKMMBcbxa6H6Etfo cgPCglHuQUfhaA2wIQwnRV0FuGW12eKYhhxU06iIWw5Cwoa/Ua+gYyynISAdQAJ8AKGyBqgMx61MqZxnVF1GpciuFkkztD0vQIypOMZ10mAk4yyFMnyMqO0qkFM6aTXId8Nh6sfSA4DACbmX4+8S94uY1IXRWkIbW8WKytjFosoYYyrkVRS9+geBLQjyEU3bmg6zvyS6 /acTMy+b5c/m+Bd03dla/Af+gfVlqF7AQM8xcMT/fXsn2qUECHkrGDGWBoxHUQ6eOLCR+rUXT7LsnMwu4pDfcrCOBY/yye/gTAnZ9jy8oeqz99G8c7hRqz+tPX7vr23vkMKWyX3ygKyTOnlGtslrsk8OCCOfyVfynfwo7ZQ6JVXqFamLC+Oae2TKSqPfqbvdTA==</la texit>

Λ =

<latexit sha1_base64="t2FLJ78ABeRzw0vq24YuRc+1vAM=">AAAFxHicnVTbbtNAEHVLA8XcWnjkZdQqqBVJlFTcJaqKSoiXQkH0Iuoo2qwnySr2rru7aUgt8xV8Al/DK7z0b5i1I9qkRWoZ2dZozszumbPjbSeRMLZeP5mZvTZXun5j/qZ/6/adu/cWFu/vGjXQHHe4ipTebzODkZC4Y4WNcD/RyOJ2hHvt/qbD945QG6HkZztKsBmzrhQdwZmlUGthPWhjV8j0cMCkFf3jzA8Oh/AIgi6zmH5q7a8EtoeWrWYueDj0A5ThaXZrYbleq+cG553G2FneWAoefz/ZGG23FudkECo+iFFaHjFjDhr1xDZTpq3gEdL2A4MJ433WxQNyJYvRNNO8  </latexit>

RX(θ)
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Amplify error channel to understand situation better

m=1

m=2

m=3

m=4

...

...

<latexit sha1_base64="KsUaNKKpeJBbPwQH1XZ/h13qMko="></latexit>

Λ Λ

<latexit sha1_base64="PnBgSwUps4ABbatUKv+Bm9dZiO4="></latexit>

Λ Λ Λ

<latexit sha1_base64="jdrSh84CHDogZ4ZPhe2xxyRwWU8="></latexit>

Λ Λ Λ Λ

<latexit sha1_base64="6u4vpWfsdO4REufD7VMqs4MPvok="></latexit>

Λ
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Amplify error channel to understand situation better

<latexit sha1_base64="t2FLJ78ABeRzw0vq24YuRc+1vAM="></latexit>

RX(θ)

<latexit sha1_base64="rVyfgWDUlYGBXdCkFD7/jJjlmvg="></latexit>

RX(θ) RX(θ)

<latexit sha1_base64="hxkM77iUnjSdhwr73p0KeNtHxsU="></latexit>

RX(θ) RX(θ) RX(θ)

<latexit sha1_base64="ceEwgep2DrH5e+ZbltCKP83ZJMw="></latexit>

RX(θ) RX(θ) RX(θ) RX(θ)

m=1

m=2

m=3

m=4

...

...
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Amplify twirled error to understand situation better

m=1

m=2

<latexit sha1_base64="5N1iirzydq0+zj/+meCcQEjadkI="></latexit>

Pa0 RX(θ) P
†
a0

<latexit sha1_base64="HTmmUEUFUwYqtkWKDWOtUdInQvI="></latexit>

Pa0 RX(θ) P
†
a0

Pa1 RX(θ) P
†
a1

<latexit sha1_base64="yayohcy1eCmVLgu7bB9DMwlACl0="></latexit>

Pa0 RX(θ) P
†
a0

Pa1 RX(θ) P
†
a1

Pa2 RX(θ) P
†
a2

m=3

<latexit sha1_base64="PBeK1xnrebF6w7nMazDBPQwI25E="></latexit>

 

Pa0 RX(θ) P
†
a0

!m

...

...

Virtual compile down

(combine into single gate)
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Example: Coherent over rotation

Suppose we meant to do an identity gate, but instead had a small X over rotation of angle theta

Error

Error
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Example: Coherent over rotation

Suppose we meant to do an identity gate, but instead had a small X over rotation of angle theta

Error

Error

• note the Pauli gates scramble phase and bit

• relationship to randomized dynamical 

decoupling

• subsampling: you don’t need to run all 4d

instances

• how many twirls are needed?
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Twirling 
in circuits

with
gates* pininterest
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Twirling in a general circuit?

Now, imagine some general structured 

circuit, e.g.:
(Figure: https://arxiv.org/abs/2201.09866)

How do we describe twirling in this 

context systematically?

https://arxiv.org/abs/2201.09866
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Use in a general algorithm

Use same construction

Goal: What is twirling with gates in general?

A method that introduces independent, random, single-qubit gates into the logical circuit such that the effective logical 

circuit remains unchanged but such that the noise is tailored into stochastic Pauli errors [Wallman2015].

Some refs: arXiv:1512.01098, 1807.04973, 2201.09866



Zlatko Minev, IBM Quantum (16)

<latexit sha1_base64="kFwkHfN47dw+bML4hhQ4pSXElrE="></latexit>

C G

composition of channels

(note ordering is opposite of 

circuit diagram)

A cycle of the ideal circuit

hard gate

k-th step

easy 

ideal 

gate

hard 

ideal 

gate

easy gate

<latexit sha1_base64="b7cEH9iAANaVHl5GOW3Kr1Nbshk="></latexit>

ρk−1
<latexit sha1_base64="paTEapRI/JfB9Uzu08gGuETIlVk="></latexit>

ρk

Channels

input

state

output

state

<latexit sha1_base64="hE52/pPIcHxR0TUpkSojZMR/US0="></latexit>

G(·) = G ·G
†

<latexit sha1_base64="5kJifgnBR0G3uoSgWKzIkXtVe+Y="></latexit>

C(·) = C · C
†

<latexit sha1_base64="5OylbBPitpa//S96qNgiWlS7WZ8="></latexit>

ρk = (G � C)(ρk−1)
Evolution

shorthand

<latexit sha1_base64="9vYifYSpkTctAxmExmB4SltIJsQ="></latexit>

ρk = GCρk−1

Terminology

Capital Latin letters (C, G, P, ...)

Gate: an operation on a quantum state, not necessarily a 

unitary, can be thought of as a quantum channel as well.

Notation

✍

Capital Latin letters (C, G, P, ...) Operators (gates)

Capital calligraphic letters (C, G, ...) Super-operators (gates)

Capital Greek letters (Λ, ...) Super-operators (noise)
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<latexit sha1_base64="BcCG8QGcry/RK8dlGnyoarGl31U="></latexit>

ρk = G̃C̃ρk−1

<latexit sha1_base64="hXqxe2KUYUVF7awYimY0gipwbTM="></latexit>

ρk = (G̃ � C̃)(ρk−1)
composition of channels

(note ordering is opposite of 

circuit diagram)

A cycle of the noisy circuit

k-th step
<latexit sha1_base64="b7cEH9iAANaVHl5GOW3Kr1Nbshk="></latexit>

ρk−1
<latexit sha1_base64="paTEapRI/JfB9Uzu08gGuETIlVk="></latexit>

ρk

Channels

input

state

output

state

Evolution

shorthand

<latexit sha1_base64="/HMuAqH2HHNt57B+8EIzvchboqQ="></latexit>

C̃ G̃

easy 

noisy 

gate

hard 

noisy 

gate

noisy 

total channel of the noisy hard gate G

total channel of the noisy easy gate C

• only thing you have have access to (noisy gates)

• not exactly known!

<latexit sha1_base64="i3/QFLo0vWSDhkgYA+X6fuNtv+4="></latexit>

G̃

<latexit sha1_base64="nVSbLBa1AIh0nB8MA6DwuPFNPa8="></latexit>

C̃

Terminology
Noisy gate: the operation that is physically implemented, including all miscalibrations, cross-talk, coherent and incoherent 

errors. 
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Model A cycle of the noisy circuit: noise model

k-th step

easy

gate

ideal

hard

gate

ideal

Evolution

easy

gate

noise

hard

gate

noise

Noise decompositions

<latexit sha1_base64="WcTnc9gNmy7d8If9p+0EvRJ5Opc="></latexit>

C̃ = Λ
C̃
C

<latexit sha1_base64="ASXvlJF7hxAbQGN1hzEk2lvpbvs="></latexit>

G̃ = GΛ
G̃

ideal gate 

channel

noise 

channel

noisy gate 

channel

<latexit sha1_base64="lHs+HY/MWWJdrt2kUKOUx9Lqp68="></latexit>

C Λ
C̃

Λ
G̃ G

<latexit sha1_base64="25n/iUtZ3taCpjxDJeyvJurq3hA="></latexit>

G̃C̃ = GΛ
G̃
Λ
C̃
C

<latexit sha1_base64="iLtGVq3HEfiWJzT4S3fUYa/jJDw="></latexit>

G̃C̃ = GΛC

lump easy and hard gate noise 

into one channel

<latexit sha1_base64="CQdHLvhp/H45fqMMHIrQFS0dCaY="></latexit>

G̃C̃ = GΛ̃C

after twirling (to come)

Notation: 

C and G labels in the circuit here 

indicate the unitary gate. 

However, when needed we will 

use the quantum channel 

version of the gate.
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Twirling a cycle of the noisy circuit

k-th step,

single 

instance

easy

gate

ideal

hard

gate

ideal

Average twirled circuit

easy

gate

noise

hard

gate

noise

Virtual twirl

<latexit sha1_base64="pQSMMaPfPbVmIYq2m9siC4WJPSY="></latexit>

C T ΛC̃
ΛG̃ T † G

twirl twirl

inverse

<latexit sha1_base64="cVYRRGWmyQoIt+/srbhauNosIHk="></latexit>

T ∈ TRandomly sample

from set

<latexit sha1_base64="QHjBhS/u8GXZ4Mb9FOQIX80/Vlc="></latexit>

ET∈T

⇥

T
†
ΛG̃ΛC̃T

⇤

=: Λ

Average over all twirl instances yields new 

effective noise channel, a stochastic Pauli one

<latexit sha1_base64="8iV+JStqsEFnXVqNIZ1VkD87Qgw="></latexit>

C Λ G

Before: General noise

Now: Stochastic Pauli noise when twirl over Pauli group

Note: the average value is linear functional, but variance is not

<latexit sha1_base64="t5xRMxOpM1og8C7iJYMtnxtyUX4="></latexit>

T (·) := T · T
†
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Twirling a cycle of the noisy circuit

k-th step,

single 

instance

easy

gate

ideal

hard

gate

ideal

easy

gate

noise

hard

gate

noise

Conjugating the twirl

twirl

gate

twirl

gate

conjugated

<latexit sha1_base64="JcYSKQlKKiyNJ1OOFT2I6b5h6pY="></latexit>

C T Λ
C̃

Λ
G̃ G T c

<latexit sha1_base64="hgloMdE6cPVditOJYmUfNcOWcoI="></latexit>

GT
†
= T

c

G

T
c

= GT
†
G

†
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Putting it together over multiple cycles

k-th step, single instance

easy

gate

ideal

hard

gate

ideal

easy

gate

noise

hard

gate

noise

twirltwirl

conjugated

previous cycle

<latexit sha1_base64="Hxhy2xNTlg+1hxKfgSZqIer86gQ="></latexit>

T c

k−1 Ck Tk
Λ
C̃k

Λ
G̃k

Gk

Easy to combine easy gates into a single easy gate
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Summary of twirling

Also, used in sims of noise since Clifford circuits.
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High level: Why twirling? 

High-level messages

• Accurately predict algorithm performance using 
experimentally-measured error rates on universal circuits

• RC: scalable, in situ, low-classical overheard

• agnostic to noise model 

• closing gap between algorithm performance and RB 
predictions

• easy to implement

• Increase accuracy 

• reduction in the total variation distance from dTVbare

• basis- dependent metric which determines the 
probability of obtaining an incorrect solution

• R correlation 

• PEC / cycle benchmarking & reconstruction

• residual error syndromes are broadly distributed 

• Only need R=20-100 random circuits typically

• For simulations: Pauli channel approximation + Gottesman-
Knill theorem for efficient Clifford simulation 
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Why does twirling actually work?

Theory and my take on it


