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Unveiling the quantum

Quantum harmonic oscillator
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Drawing: Zurek, Physics Today (1991)
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Dirac's canonical quantization

Procedure: Supplant the Poisson brackets by commutators

“There is, however, a fairly general 
method of obtaining quantum conditions, 

applicable to a very large class of 

dynamical systems. This is the method of 

classical analogy”
P.A.M. Dirac

Classical (Poisson bracket)

where

Quantum (commutator)

where

These look 

a lot alike!

Source: Cambridge University, 

Cavendish Laboratory / Wikimedia 

Commons
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Photo: F. Schmutzer



Zlatko Minev

The classical and quantum oscillator

Classical Quantum
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The classical and quantum oscillator

Hamiltonian

Phase space

Classical Quantum

(Heisenberg 

picture)
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Ladder operators and matrix representation

Image: Griffiths, D.J.

annihilation creation general hopping
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Wavefunctions of the quantum oscillator

Energy 

Classically forbidden 

region
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Wavefunctions of the quantum oscillator
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Wavefunctions of the quantum oscillator
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Phase-space (Husimi Q function)
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Linear harmonic oscillator summary
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The LC quantum harmonic oscillator

Graph: Minev; Spring-mass: Svjo
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The LC quantum harmonic oscillator
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The transmon as a non-linear oscillator

Josephson tunnel 

junction

Non-linear inductor

Zlatko Minev — Qiskit Global Summer School 2020   (81)
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Josephson tunnel junction

generalized

magnetic 

flux

SEM image: L. Frunzio

Circuit image: Minev et al., EPR to appear (2020)
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Reduced magnetic flux Φ/𝜙0

0 ߨ-ߨ

EJ

-EJ

The Transmon qubit

Image: Minev et al., EPR to appear (2020)

≈ 3.3 × 10−16 Wb
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Semi-classical intuition: phase space picture
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The Transmon qubit
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The Transmon qubit
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Classically 

forbidden region

Reduced magnetic flux Φ/𝜙0

0 ߨ-ߨ

EJ

-EJwhere

“Lamb shift”
due to ZPF

Anharmonicity Zero-point
fluctuations

RWA or 1st 

order PT

Due to non-linearity (nl)Due to nl & commutator
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The Kerr Hamiltonian of the transmon
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Classically 
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Reduced magnetic flux (Φ/𝜙0)
0 ߨ-ߨ
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1st order correction to energy:        and to eigenstates: 

To first order perturbation theory the eigenstates do not change! Only the energy changes. Dispersive.  

Solution known (SHO) New from nonlinearity
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Exploring a real transmon qubit
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Experimental parameters

Solution known (SHO) New from nonlinearity
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Dispersive, states didn’t change to 1st order

“Lamb shift” due to ZPF

Exploring a real transmon qubit
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Parameters used in figure (of a measured qubit)
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Quantum fluctuations of the transmon qubit
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Advanced State of 

the Art 

Methods

Image copyright:

ZKM unless otherwise noted

Deeper dive on earlier material? See: 
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Quantum Analysis
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Simple example

Zlatko Minev, IBM Quantum (97)

qubit

resonator

?
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Modeling step 1: Classical E&M approximations

Zlatko Minev, IBM Quantum (98)

Physical (linear) model

qubit

resonator

Eigenmodes Quasi-lumped models

Impedance



Modeling step 2: Quantize

Zlatko Minev, IBM Quantum (99)

There’s a description for 
every job!
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IBM 

Quantum

lumped
quasi-lumped

full-wave

energyimpedance

quasi-static

more speed

Yurke & Denker (1984), Devoret (1997), 

Burkard et al. (2004), Koch et al…
Minev (2018)

Minev et al. (2020)

Nigg et al. (2012), Bourassa et al. (2012), 

Solgun et al. (2014, 2015, 2017) …  
Malekakhlagh et al. (2017, 2019), 

Gely et al. (2019), Parra-Rodriguez et al. (2019), 

Minev et al. (2021), ...

more information, accuracy 

Landscape of quantization methods



Quantization methods library 



Quantization methods library: Tutorials



Tutorials: Quantum analysis library 



S, Z, Y

Impedance

Scattering
arXiv:1204.0587 ...

Tutorials: Quantum analysis library 



Eigenmode

Minev arXiv: 1902.10355

Minev arXiv: 2010.00620

Tutorials: Quantum analysis library 



Capacitive

arXiv:2103.10344 ...

Tutorials: Quantum analysis library 



Tutorials: Quantum analysis library 

WIP: General capacitive analysis code 

map to known building blocks: e.g.,

transmon, fluxonium, zero-pi, etc. 
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Example of step 2 with EPR

Zlatko Minev, IBM Quantum (108

Physical (linear) model

qubit

resonator

Eigenmodes

energy stored 

in junction

½ L i2

𝑝௝
Non-linear device 

params

𝑝௟
energy stored 

in substrate

Dissipation

budget
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Step 3: Hamiltonian

Heff: for simplicity, showing up to O(φ6) in RWA

Qubit/cavity anharmonicity

Qubit Lamb shift

Qubit-cavity dispersive shifty

χqc

ωcωq

Transition 

spectrum qߙqߙ

-Δq

Zlatko Minev, IBM Quantum (109)



Planar devices & 
comparison to other methods

image: makc76 

Automated with



Measured vs. predicted: qubit-readout cross-Kerr

Measured χ (MHz)
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 (

M
H

z)
LOM (quasi-static)

EPR (eigenmode)

y = x

Marker size indicates 
error bars.

Z (driven)

7%
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…

IBM 5Q Tsuru U Tokyo Chalmers 8Q

TU Delft Fluxonium Measured

Simulated

T.  McConkey & co.
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Use by researchers, continued

QuTech / Technische Universiteit Delft

Figen Yilmaz-Andersen Lab:  Fluxonium chip design

Roald van den Boogaart-Andersen Lab:  Fluxonium spectrum (eigenmode = pyEPR) to show how 

they have extended the analysis methods to be able to handle fluxonium qubits

Sara Buhktari-Andersen Lab: Fabricated resonator design being measured

QuTech / Technische Universiteit Delft

Intermediate chip design. 

“Qiskit-Metal is the best 

tool if one studies 

superconducting qubits” 
-- Figen Yilmaz
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Building it together

@zlatko_minev

Open source

Call for community participation

Education
tutorials

 courses?
 summer schools with hands on (see QGSS 

2020 Z. Minev from Introduction to Quantum 
Computing and Quantum Hardware)
 ...
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The road behind and ahead

* Road image: based on Freepik

Qubit in the cloud

Qubit from atom / oscillator

cQED: Transmon qubit

Classical circuits & the LC Transmon qubit

Unveiling the quantum 

oscillator
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Photo: F. Schmutzer

The important thing is not to stop questioning. Curiosity 

has its own reason for existence. 

One cannot help but be in awe when he contemplates 

the mysteries of eternity, of life, of the marvelous 

structure of reality.

It is enough if one tries merely to comprehend a little of 

this mystery each day.

IBM Quantum@zlatko_minev zlatko-minev.com
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Next steps

Lab work with Dr. Murat Sarıhan, Sadman Shanto, and more!

Check out references, problems given in the lecture, dangerous 

bends

Break away from the rules of today

Thank you!

Zlatko K. Minev

@zlatko_minev zlatko-minev.com
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Hand-written notes

Mean, variance, and RMS fluctuationsHamiltonian and energy

Zlatko Minev
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Calculations of the energy
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Expectation value of magnetic flux and charge
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Fluctuations of flux
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Hand-written notes
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Hand-written notes
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Is the junction phase/flux 
compact or not?

Zlatko Minev — Qiskit Global Summer School 2020   (150)
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Harmonic Approximation

Zlatko Minev — Qiskit Global Summer School 2020   (151)
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Tight-binding model 

Zlatko Minev — Qiskit Global Summer School 2020   (152)
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