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Quantum Measurement Tutorial

Ideal,  Noisy, Mitigated

Zlatko K. Minev
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Motivation: Measurement matters

Experiment:

  50  qubits

  2  depth in cX layers
 

Plot from  research.ibm.com/blog/gammabar-for-quantum-advantage 

A model:

  0.05 readout error per-qubit (bit-flip model)

Example data before and after mitigation
(PEC + TREX on a 50-qubit circuit)

Ideal value is 1

Readout-error-only model

Let’s see what happen even if no gate errors

Z ZZ ZZZZ ZZZZZZZZ …

Z ZZ ZZZZ ZZZZZZZZ …

Ideal value is 1

Error

Readout

Error

What do we theoretically expect? How do we model it? …

What are the error bars?      Confidence?      Which method to use? …

Can we extract more Paulis at once?    How do we measure entanglement? …
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Single qubit example
     Single shot

 Many shots

 Statistics, unbiased estimators

 Bounds, Chernoff-Hoeffding inequality

 Error bars on experimental data: likelihood

 Bootstrapping

     Measurement bases

Measurement in Quantum Computers
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Noisy
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Mitigated

Measurement theory 101
    Why care?

 Formulation

Qubit example

A matrix, cross-talk

Scaling

A matrix mitigation

Twirling and T-REX

Ideal
Scaling to n qubits
    Single shot preliminaries 

 Binary and Pauli strings

 Walsh–Hadamard

 Many shots

    Entangled measurements

 …
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Possible other topics of interest

Heterodyne readout

I/Q planes

cQED readout and

 quantum stochastic trajectories

Measurement theory for

dynamic circuits 

Pauli-Linbdlad 

formulation for 

measurement 

noise

Mitigation for

dynamic circuits 

<latexit sha1_base64="H0MvtDAVr2uVV1ZRU+jaC36zYZ4="></latexit>
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Complete and SIC-POVMs
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Guideposts

Dangerous bend sign

Denotes extra information, 

with appendix-like depth or digression. 

You can skip this material on a first reading

Key result

Used to highlight a key result

Key challenge

Used to highlight a key challenge

Evil monster

Eve the Evil monster is here to terrorize 

the quantum world

Monster image by jcomp on Freepik; coin-toss icon: Good Ware; pen: bclogo latex

Random Sorcery

Randomness and unpredictability 

abounds

Try it yourself

Pause the video and try to work it out, 

before I share the answer

Caution

Caution or common pitfall
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Measurement in 

Quantum Computers

indimart
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Zlatko Minev, IBM Quantum (9)

Why measurement? 

Quantum-to-classical interface
• how we get information out of a quantum computer 

• fundamentally different from any classical measurement

• where all the randomness and most of the weirdness in 

quantum happens -> ‘Measurement problem’

• any results we want must pass through a measurement 

• any noise in measurement will unavoidably degrade 

our results

• we must get to know them well to master them

Image: Zurek, Phys. Today (1991)
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Quantum-to-classical interface

Quantum Classical

+ or
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Randomness

Projection / collapse 

Connection to classical world



Zlatko Minev, IBM Quantum (11)

<latexit sha1_base64="6r8IJGl5uHfcR7Ukq9bg/0Vtu/s=">AABB3Hic7TzbdtzIcbRzc5Db2nnMSzv05JCruZPUhfJsSEuUJVu3SNzVrjkTnR6gZ6ZFAA2hAXJGODgnD3nLyWs+Il+TV+drUtWNxmUGQ5FcSj6xPbsrAV3V1dXVdevqxo4Dl8uo2/3tD374J3/6 Z3/+Fz/6S+uv/vpv/vbvvvjxT76RIg5t9rUtXBF+O6aSudxnX0c8ctm3QcioN3bZm/HpA4S/OWOh5MI/jhYBG3l06vMJt2kETW+/eGgNx2zK/eR9TP2In35IT6KQ+jKgIfOjkTV8f07+iQw9FrEwSfHRPreGzHeKDpb19ovNbrurfmT1oZc9bG5kv5dvf3zwb0NH2LEH Y9gulfKk1w2iUULDiNsuS61hLFlA7VM6ZSfw6FOPyVGippuSBrQ4ZCJC+M+PiGot90ioJ+XCGwOmR6OZXIZhYy0smC0kt2VKquNHk7ujhPtBHDHf1sNPYpdEgqBEicNDZkfuAh6oHXKYAbFnNKQ2iExaltW4iR9SIa9nIozsOJIkjrgr2+5ifkPUh1NXjKk7dIU/HTps MuQS/kyGKFufvX+f1qB4m71kiEIcT5LNXlqH8tjWGKGXPG7b7Vqc4zAZioCFNBIhrnNyHNbindFlxG9oPSYor3+2hItttcgvgiXMF0Et3utlvNf1eCCxJURoqZ8QaM0SKjTVoobifAkTWmoxT0+TIdjv1GXDn2YPdWjjcTJ0DZpr0KzhQwbmGLIXrvMITOuB8DwKpj4c T9Jk6IvQoy6aHLxLFnImU6MA4AQapHXJn2VdCRs1/xmMsk+ec5sRGDDkc9JSDgBcH5cExCaJ8DXIZsroSNmEyy4t8QFFEwFDbxANA9GCK2l9BTROmSQ8IlLgv/AgwH+eg11Dc6D7NQmL7PZyZ486jIixFC44S8J90u/2e014kBGjDgF2CDDAzokjwIJBrtlUKs5GYbQQ o6mxWxppiW1YKoDZZn0++F6akAb5jUujU0H8ipxAVdRooIex51uEkCEK8pmCvwgwDsgEm+E34aGMWtCjmT1Cp2YGs4XDWiD0Vg4hA6I8RJhMQ7pI1yDi+FXE1EqX+bdX+Nfs4tqCzl+G66uwWsNBuMIBMn754VFoVxIA2uEHGzykzVxXAU8QOEq67Xt7aVow8wDgRIVy sgUdtpXmz0CnuD+9otmVo50O3pX4N52csoXUjQh2+Tik4SKxqWtnUbHcHAjJURLAx2ofOaMBk+0pE5A8gFmuYpQyiCH+LaOFyxJ37KaDE+77LCTA2qDVbffZfATiQAsCK4/YPCIuHTNXWsvsBy5YTjap7M2MNuGuO2bROWN+ejUPVHiiD6feW+T0LRB/q6hfh8w1Byfo CJ8z5kiCPCibNpMk3AsgN4C0qOr5skWutuXLrJtrFnoVUFnqVfDqYjdWB80WJ2u/aHka1xJr2Y+KOMKUGHNGP4JkGc0JgiB4wlDEIDhUIuhhuIDZgDVffdBaRoiOWBABlEYrc81WCbR3hq45hJSbQECiYPHBzCKgWHTOZaetegy0Z2noP8lr/gEtXfuWc+5Es8FQkwAK 6j1zPI0Z49NZNOhzv1mh8O13RJaINBYe9wetXnuvSfIWOh/cwpasYY4okMMX74AAqXyO4AiPIsp+z7g9Sb3AZXKwl3diPmQTU9iceDySgyiMWZWv10o+LULnELQ1ERQDwaXTwhtEM26fGnrTkDsDj74TYT2d+cI4Bk1MvWSEEsxcBkPI/l03D1ULjeEzGoJR2afSAOZr AI15heZCzvgkGnTZvGloNhZrMWp5Vps2zWk2tm65gGsGGclCSyrD1WMEUb1YXDaFHZuRiXqpkp8IEfkCMhz+gaX1NJQQcgbt04/LVq1Thsv8KWhtt92zvRzM/RVw9/btAkHPEhT9tNOmQVBiGttQodngbi51UE8CKR6E7cyLaI4HPdBx9bMI4jZuzsozm30ASSULlyyX PPFnkCFHZBIKL7Mx0+HyJiAHtiK+ZlWVphvi8+qChOgImhAjbNgzDs6ZjAqdr2LSMSS4OaYExzlL1699Y44vgyHzgmiRa3y1DbObGxJyOTGYo0ggNZhjoqfcwqgMVo4QwMlTCs79JNOpvaZ2mDujtLUWYqjpnAwns9nb7CdDJ6TnJxpGtjZ727dubW3290GL+9swvVu3 oLHf6t3tQlN/dzs13YEj7QmTXreLgcePvTFkM2JiXKSlf9dNQT54zbcOx9jhXYuGiq8ulRGJAwdksq+2Kq0eTGZPQVdSNYfZIlQlI9kOYC/miTCY1aZ9ZUy0U0CSqZYsLJ/OgUPmfEiTx8fPnqbJ4aOd3s5OWkXAPDjH2LuH/ywlieAc3D6sNkgXdknhFJQam3C7Axm7 2tBaxSMavgkkuKik+A3I2KUKgBnIKuCnfYxmKmlguIcKYTQ5wOrWjnJVeaJqegFEAcC/cS/2dMDWgHsVgA7WCgBucbQ6P2WmH5mkCRzafAve0eIzxwe9qZSxxyAJQf+IdStIQpSHsIgPexXicAnkAIbM7NmeVcMN8HEzEv304uzurZenmkZVWtcXV0Vef9TwP2r477WG l4cLZiISvhoKfpnTZ9l2oogBg0T69NS040+yKVb9Tc6353klIEZHHsUOG/S9PA8kBDafeYedCiBkph06pGZ4WK1BwKdghOq9Kqj3NMTiaca52mnoRAA2PyaBbiXHIVdaYLKFXvsuDGwQYbBRlk9JrMlDtvnVoJdPxbT9HNsMC7+zcL8m3kOw77W6t4E59dLdbfV3yWoi UHZaNg/tp0rFMsfVnew69/ppdettHT06E24Ej7IJqnbkgkWF3CaPOHMdYkD3lc6ptSBc7Yz1OQooDSZKCGSm5wR7gjm+elkmTIpXsuUxirUJ8opL/OslbGb8iFPXjLf9kfFC3S8w/e4T3J9Lyc+wEukFwof2pmFLaTBQATORHPIh3fWchffJm8NXz588/+U+OZ4BwhT6 S21ZhAaa3DiOwMiwwIxneLoSTF0pyCkDp4Aj2HGIpWqY9xxcSNk8m6o3J+dYcD4b67khxlTUijBnva0qR4jpCNhT+THs1BZkIvKxwGV4sGOxwep1i0RlZnEoAhBtSe4GrWgquoawg5SRCFWjHUeM+05s64a8Y6mt6InVq0rDdCLjcArbb6AJW6CRUr6YZ/XCG9pfLFsb udzvN79+Rl4ff/f06FOx8VAoDaEObHmDOOQilnpzKzNPxqIEPEO+6UT7nmIA5baydNzeGRc+6LF5s4Cr2mFLR1kgg6orLVwqUqwLkFPSrkMdFuuA586nbNFp2w50GfNAwNamo2Im7F3lYBcJEd1u7FDvOnPGlV8ZFH6lWXQwilnXATw7OvtGhjrBwt5aPIMmO3YoJJp5 R9UOdpvKLz6gIFiO87bs/LEjbQpkeu0uzKHUXEzuLoJIGaaCQ6cdhQssdOwBVG3+e+3ddq+CqOO4wbxdQVQsPTErQbbQOahDpokIwTLkNrHydaowWbSWFkBBGljP/aUue+KxuMCiwVS9GxLd9l1ANG0FAU0aSXyjl8/KlrGTJwiKdcwZVLGwkSPoklS/3Su1jWMvIGNA vFNqNC5mRW1V14ZBM35hFa3frMHSBSlQ2cUQJuzgKaUShQCvCDtxfYCjKrPAP/WFVh+rXlO6ba3KnvCFhp/ZdkfFkkGRKejkAET55VBJ1dGlWZOglBtHStFL5Bj73uSA4HNYBpnlj1u2gEQz87Mssi2/AOJSwYxUCQ0jhQIpCofIhFQAyxigjpmZrqG2qjIfSBGrVFje DTUKdH99ziN7BsPkZgyiBN8iVXtJsSCnzBTrGJXbwzgKUUtlY4UnwdfMWko9noopuDEVMLBu5gUYFCcTFppjWbdAWDGGtIk7DYdoP2Gl+s041U8UV66X/F2C8EUB61e/IkdPj54dPT/+RJMa2iYUmQV79y73bbBlwTRq0N5L6xEzb/lRvHwBC9zdVJ/cYNhw9IWFrIMy iSR3hamVYPmNzcGDZjsiaSV6mDPqiskq5+rc1WEBWBBu4EKC1S6ll1by7p0q5oGPIZehkm3XVH21TGZNT12/THF3ph4tPI7Gk+SsGKtcknrGuYOUkJrCXEcxF12qekQ0LPqkOSVdzjtjkUjUq+B+pJ4OUL4HkH4duGwSpUttcZBWaSDpC2io9HWZiCPOfSBzFV5q6VyV mboJZbwYKmpDA7LFzWTGIXg+UCS1qOeQaK9Zi+8n6mx63SC6zoxUN+y1ZholwzmgoDRnsBk80BpzIDmWphPY24Gefx6P9TrgaGJHekP1qdzU78BTSDWxz+Et6pxFgxS6UdHNrH+6TklvxrFoFlAhcbuZ7X3t0Lq8Eaw3T2WDMBxR3cokIVtBmkrxr+zIkGwcYMagCZPe xXQucGYrpPrXIJXxNOE+datTNfYMnkicMiNsLWSQtpL69xe2kckNi3qNhK4j7NpVu46oc54uLeyVIHDZGHDNEHD9CHDdAJC5r8+Vtb5+fvjk6e9jFPApd/+Ag4C5XTWjvgP7Ra2/JdVE2CT2VcEyGc5BeZu9brPdbjfv9LupuV2Z6/t8YZrIhfIgX7J5sNXqtntfhtTZ Gs63t7+0hcSH9GMUsrWooSC5ryik/z+cQyGsq8hq53Y3ExY+IYGb8ijKFD7PRvjQ1IDykqOIQ4mnPGBPoYh0uV7yqa/Qse8sigK53+lEbN6GtbFP2dwGrZ2yti28zvuYSVUv6vTu3O7fu90pSqCtbIyWLua3TP2ppcsLn9GXJWmtoZ5pxqiXu5kkazp8dukeF6NlXigp tnEr+o7XTaF7zIBAB2mVRNhZKRyvdSi5tjPX5YFkhboLsAvupyWz6dZlDB8Lnmv3f/nMbBGw/PgRW/Li7FxVPD8iK31tM60ZvEoUQtCJUlU2aBXI+fHOKPlZ62fVLjX8Mt+psPzJJqCd0lVncOtqM0gv42cK3a6pJi3PAotOGLwnNHYxexZkzKekRdAFSxK4scSjd/jT doXEeqdPrGvf3LqEYZed2CM3nkNaf6UL/lcYCqgezdVdNILX6vfJBMbD4ZIHL168evL88PgIkxa8Co73tW0hQgfy44iRLX0lcZvQiGxhURZvI2zfRyxD4wRnMod4wmOpaud6I6HK2oOdLpa+yaIMhmXWVz3IYAfgyiXrc5yft0aJHhBXSp+KBXFE7kOqBPG1kV9KgGU2 w5dOxVpfNRuWQ+WM4QmVZB5XTqZhpQ2DTUwh2DSgbF4zPCpXJ6jmqABdmA4hmT9DLi8bN3Z2d3r9zkyctyLRskMGgmzRVvbxSQuptoBkS7lIaRmPCRG8U0yKSzKhHnfxhmXerO4gFNLNa6RkQJQgAWqEW8DwUgfKGaHZMpWB6srHroIuLoRmJ24lGEJB5pgUkOwKPFja fnb0Po3NuTm+q3smKjM2Z9Vqnc0bDW2k8Wa2ICf9ETmfMZ/0kMg/kzeQG4fChkhRWSH1sU31qx4jphRInIxAnrloCwmSzV7aAIi67KkEhsuAfivPoAoB43c8y/EsX6ICLb1v7rQMMwFr2azvm6Gl902/xeX6LZb7zUXuQwb56Dr/LfjbLoapRVfJ7jK6vvBS0byLZAG6 kY50Uuzj92Qo331zsRjsyxX6G2R1JwHvV1FUFhv8ikLa2uxvk1tbsC8QaRP29AuRbme9HyJ2piMEjRqDgqujGjadZJPT5QvtdpLSdNL8xhGe/Wj4+pkY+yl6gWPWzisxAitgiwJmlkZDQBT3SXbahNO1PmWN9YU65cSPhHm0IJk5KI/1CYYDqhJcm00hx8aVqJogOFyJ rWiCCUhpiJlBFCWb/RTfZuoGHTzor9BLlzyyGrZSja1us7utPMYJmCsZkQQsDHvhh+jliyHqO9SHWUTPDi5RE/VRr/psqggYXw1cvBCe3uQn2uozPXlDBGEuc3WRYZ+8pBK/SpW5t8s+JTJf0RP1GX2bPGa+zZoqTvqMOebKz77VGB7wSXZFyxUUIImmjXf1iap7DHGQ 7NvGY/HSfEFGxy5rOmeQcKvP8FPTT3esfGa7hDoyqAQ/HizfJHvFJKyQElZ+TfbBUe/w0dI12e+oy34BFrl64axyL024vWWMZYS+Qbhj9/d2aPr2i83e8v+hYPXhm367d7u9+y/9zYNfZP/3gh9t/MPGP25sbfQ27mwcbDzeeLnx9Ya98d8b/7Px243/PfzXw38//I/D /9SoP/xB1ufvNyq/w//6PytD2KI=</latexit>
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Quantum Classical
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Zlatko Minev, IBM Quantum (12)

<latexit sha1_base64="3Q5t4kI3x5ijGGUIulgzFpSo0aI=">AAAb3nictVlbl9u2EVbSW6LenPatfkGrqPUeS1pRzjrOnqMeX7I561Pbu7HXl2S53YIkRMECAZoAdyXTfO1bT1/7Q/pn2tf2h3QAkFqR4jp2q/IkMoj5ZjCYGcwMuF7MqFTD4T8++PB73//BD3/00cftH//kpz/7+ZVPfvFMijTxyVNfMJG88LAkjHLyVFHFyIs4ITjyGHnuze5p+vMzkkgq+JFaxOQkwiGnE+pjBVOnVx65Hgkpz16lmCs6e5233Vfn6LfIjYgiSfYp+jTXbzDnum0ED7yc+edZ39HzqO0SHqwwn17pDAdD86D1gVMMOq3iOTz95FdzNxB+GhGufIalPHaG sTrJcKKoz0je7iI3lSTG/gyH5BiGHEdEnmRm6znqwkyAJiKB/7lCZra9wpHhSMpF5AEywmoq6zQ92UQ7TtXk1klGeZwqwn270CRlSAmk7YgCmhBfsQUMsJ9Q0Bb5U5xgH8wm2/VltHIyr8zG04Wkfm0SBy9TqTwxz1FFG4XBob3gjMay2P/cGqDd7m7i0VJQqiiT/Qi2I+SALeYbEt12QyY8zFwmeOgGZOJSCb+Zq3fAyatXeXcdEnWczNVe8SZZx8kbIVON8QQLtIMFy9wpVpYpiQxTI9u+v8TsD/xBI+YxyVwRkwQrkWh7Z49JI+5+VMPdjxpxR0kNd5Q04s5wHfgMNyMh6sIaVE81YmWM+VkNrOcawQdxDXkQN+Ke1HFPmnFcJJFIAnBVtmvt  BCK3JJ/Idq05VXDgoZIlEJcnGQeElQEx0EWWBuUSYrb/exAxIzqwkRT6PxgI6NLPoY+E6djy9RBR/qDOHEEII+FJwaBB18dhNBw5PRhIRXCAQB0ECpBziH44NmC2Yic1XQ2mrzE9i+9bWE3x1d60StBGemjeipOTrYhclQghqe8xE8q0xVwg+KU/X/Moz+AAfsuwmgnEK3ZPxLlRH2I4jbi+ezSsaa4kCE1oIlUfOHrFEJh6Bc0XAemDE/tLChoj156PMMGL/BKgXr8KzNt5XX9/TX+rro4VaIzeRev3UbVBg2RNA634uy+vjfY+BihyPTI5D10zVOUxVETJlklA7msf2iafMGbox5r7JBsOvtjJ8wttraB7gELXgGHLHLUpRDHlYSkG+mHQo0FK  ncFODy1n8Hx8Xc8UE3MNGQ6GF+8AcAbDJSAQEdaQXacsdhJHMXQk450lE+HQc8IlgUZw4RirJCVVvZ4Y+/QRnkMjY4VoMyDtOmu8sZpSf1bKCxMajCP8UiTNcuaLMn1YYealEJTp/nbsSuh02bJBWVgEJxjKLywkS8L8EkJ3XpG5kFM6UeMhmfdKmd3FpYhGnc0XZqtpsbadeYvWBBrbhbVUgbVrxKrZLIyEhAelTcxLVfxECAUXPQJBQvJmGcYISwX92Xfb1vipwBIeQtQOB44fLcmUr5GHN29eAOwuIdBn2wMcxytK6zkd0GR8a2l1CE9kvnmhIotYjccOxLh52khju5s75cWZvQd3E5LUTi66z6dwj4IuIhFRccZKhnc/AnLsG+GXeNVEeil8 XnWI+azSgxrhT0UyPidSXcR8FQnNzRlZIiUkzml+ue+7c/0ydkkUq8Uy4qtztqfdiJHbK+0DF5xU+odhFJ2sAubaZoDQXwp6Jm9UyCZTAjl7gCH7HxdBt9OzGfXGSd6/lFJKg21JBXUXJwEYcUESicwfSyCZD0xNNlcyXT/RVKlY7m5v62mqBiFV09QbULHd8VOpRGRqT2Av5UZURoLQjvJ1God7xAoNypVdfqX56y35e0t0T6fo4hOHq51kP/8FCT4/tltC1zrO1vXr1zqjXTidoy1w2/XrMDnqO7eGMDX6bCsv2cGQNsNnznCoCypPIw98ISZl6j+90nHqf5laHzwbDZybg52vR53bd4u/Wn3Uutr6Tetay2l93rrd2m8dtp62/NbfW/9s/av176t/uvrnq3+5+lcL/fCDgueXrcpz9W//AV7I1ng=</latexit>

The meter with the posterior state

For a later lecture



Zlatko Minev, IBM Quantum (13)

Qubit example

<latexit sha1_base64="6r8IJGl5uHfcR7Ukq9bg/0Vtu/s=">AABB3Hic7TzbdtzIcbRzc5Db2nnMSzv05JCruZPUhfJsSEuUJVu3SNzVrjkTnR6gZ6ZFAA2hAXJGODgnD3nLyWs+Il+TV+drUtWNxmUGQ5FcSj6xPbsrAV3V1dXVdevqxo4Dl8uo2/3tD374J3/6Z3/+Fz/6S+uv/vpv/vbvvvjxT76RIg5t9rUtXBF+O6aSudxnX0c8ctm3QcioN3bZm/HpA4S/OWOh5MI/jhYBG3l06vMJt2kETW+/eGgNx2zK/eR9TP2In35IT6KQ+jKgIfOjkTV8f07+iQw9FrEwSfHRPreGzHeKDpb19ovNbrurfmT1oZc9bG5kv5dvf3zwb0NH2LEH Y9gulfKk1w2iUULDiNsuS61hLFlA7VM6ZSfw6FOPyVGippuSBrQ4ZCJC+M+PiGot90ioJ+XCGwOmR6OZXIZhYy0smC0kt2VKquNHk7ujhPtBHDHf1sNPYpdEgqBEicNDZkfuAh6oHXKYAbFnNKQ2iExaltW4iR9SIa9nIozsOJIkjrgr2+5ifkPUh1NXjKk7dIU/HTpsMuQS/kyGKFufvX+f1qB4m71kiEIcT5LNXlqH8tjWGKGXPG7b7Vqc4zAZioCFNBIhrnNyHNbindFlxG9oPSYor3+2hItttcgvgiXMF0Et3utlvNf1eCCxJURoqZ8QaM0SKjTVoobifAkTWmoxT0+TIdjv1GXDn2YPdWjjcTJ0DZpr0KzhQwbmGLIXrvMITOuB8DwKpj4c  CJ8z5kiCPCibNpMk3AsgN4C0qOr5skWutuXLrJtrFnoVUFnqVfDqYjdWB80WJ2u/aHka1xJr2Y+KOMKUGHNGP4JkGc0JgiB4wlDEIDhUIuhhuIDZgDVffdBaRoiOWBABlEYrc81WCbR3hq45hJSbQECiYPHBzCKgWHTOZaetegy0Z2noP8lr/gEtXfuWc+5Es8FQkwAK6j1zPI0Z49NZNOhzv1mh8O13RJaINBYe9wetXnuvSfIWOh/cwpasYY4okMMX74AAqXyO4AiPIsp+z7g9Sb3AZXKwl3diPmQTU9iceDySgyiMWZWv10o+LULnELQ1ERQDwaXTwhtEM26fGnrTkDsDj74TYT2d+cI4Bk1MvWSEEsxcBkPI/l03D1ULjeEzGoJR2afSAOZr  2tBaxSMavgkkuKik+A3I2KUKgBnIKuCnfYxmKmlguIcKYTQ5wOrWjnJVeaJqegFEAcC/cS/2dMDWgHsVgA7WCgBucbQ6P2WmH5mkCRzafAve0eIzxwe9qZSxxyAJQf+IdStIQpSHsIgPexXicAnkAIbM7NmeVcMN8HEzEv304uzurZenmkZVWtcXV0Vef9TwP2r477WGl4cLZiISvhoKfpnTZ9l2oogBg0T69NS040+yKVb9Tc6353klIEZHHsUOG/S9PA8kBDafeYedCiBkph06pGZ4WK1BwKdghOq9Kqj3NMTiaca52mnoRAA2PyaBbiXHIVdaYLKFXvsuDGwQYbBRlk9JrMlDtvnVoJdPxbT9HNsMC7+zcL8m3kOw77W6t4E59dLdbfV3yWoi   iSR3hamVYPmNzcGDZjsiaSV6mDPqiskq5+rc1WEBWBBu4EKC1S6ll1by7p0q5oGPIZehkm3XVH21TGZNT12/THF3ph4tPI7Gk+SsGKtcknrGuYOUkJrCXEcxF12qekQ0LPqkOSVdzjtjkUjUq+B+pJ4OUL4HkH4duGwSpUttcZBWaSDpC2io9HWZiCPOfSBzFV5q6VyVmboJZbwYKmpDA7LFzWTGIXg+UCS1qOeQaK9Zi+8n6mx63SC6zoxUN+y1ZholwzmgoDRnsBk80BpzIDmWphPY24Gefx6P9TrgaGJHekP1qdzU78BTSDWxz+Et6pxFgxS6UdHNrH+6TklvxrFoFlAhcbuZ7X3t0Lq8Eaw3T2WDMBxR3cokIVtBmkrxr+zIkGwcYMagCZPe  doXEeqdPrGvf3LqEYZed2CM3nkNaf6UL/lcYCqgezdVdNILX6vfJBMbD4ZIHL168evL88PgIkxa8Co73tW0hQgfy44iRLX0lcZvQiGxhURZvI2zfRyxD4wRnMod4wmOpaud6I6HK2oOdLpa+yaIMhmXWVz3IYAfgyiXrc5yft0aJHhBXSp+KBXFE7kOqBPG1kV9KgGU2w5dOxVpfNRuWQ+WM4QmVZB5XTqZhpQ2DTUwh2DSgbF4zPCpXJ6jmqABdmA4hmT9DLi8bN3Z2d3r9zkyctyLRskMGgmzRVvbxSQuptoBkS7lIaRmPCRG8U0yKSzKhHnfxhmXerO4gFNLNa6RkQJQgAWqEW8DwUgfKGaHZMpWB6srHroIuLoRmJ24lGEJB5pgUkOwKPFja  7NvGY/HSfEFGxy5rOmeQcKvP8FPTT3esfGa7hDoyqAQ/HizfJHvFJKyQElZ+TfbBUe/w0dI12e+oy34BFrl64axyL024vWWMZYS+Qbhj9/d2aPr2i83e8v+hYPXhm367d7u9+y/9zYNfZP/3gh9t/MPGP25sbfQ27mwcbDzeeLnx9Ya98d8b/7Px243/PfzXw38//I/D/9SoP/xB1ufvNyq/w//6PytD2KI=</latexit>

Quantum Classical

<latexit sha1_base64="8Rcm6MdiZqK41zER3Ly6/lHIY1s="></latexit>

|ψi =

✓

|0i c0

|1i c1

◆
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Qubit example

<latexit sha1_base64="6r8IJGl5uHfcR7Ukq9bg/0Vtu/s=">AABB3Hic7TzbdtzIcbRzc5Db2nnMSzv05JCruZPUhfJsSEuUJVu3SNzVrjkTnR6gZ6ZFAA2hAXJGODgnD3nLyWs+Il+TV+drUtWNxmUGQ5FcSj6xPbsrAV3V1dXVdevqxo4Dl8uo2/3tD374J3/6Z3/+Fz/6S+uv/vpv/vbvvvjxT76RIg5t9rUtXBF+O6aSudxnX0c8ctm3QcioN3bZm/HpA4S/OWOh5MI/jhYBG3l06vMJt2kETW+/eGgNx2zK/eR9TP2In35IT6KQ+jKgIfOjkTV8f07+iQw9FrEwSfHRPreGzHeKDpb19ovNbrurfmT1oZc9bG5kv5dvf3zwb0NH2LEH Y9gulfKk1w2iUULDiNsuS61hLFlA7VM6ZSfw6FOPyVGippuSBrQ4ZCJC+M+PiGot90ioJ+XCGwOmR6OZXIZhYy0smC0kt2VKquNHk7ujhPtBHDHf1sNPYpdEgqBEicNDZkfuAh6oHXKYAbFnNKQ2iExaltW4iR9SIa9nIozsOJIkjrgr2+5ifkPUh1NXjKk7dIU/HTpsMuQS/kyGKFufvX+f1qB4m71kiEIcT5LNXlqH8tjWGKGXPG7b7Vqc4zAZioCFNBIhrnNyHNbindFlxG9oPSYor3+2hItttcgvgiXMF0Et3utlvNf1eCCxJURoqZ8QaM0SKjTVoobifAkTWmoxT0+TIdjv1GXDn2YPdWjjcTJ0DZpr0KzhQwbmGLIXrvMITOuB8DwKpj4c  CJ8z5kiCPCibNpMk3AsgN4C0qOr5skWutuXLrJtrFnoVUFnqVfDqYjdWB80WJ2u/aHka1xJr2Y+KOMKUGHNGP4JkGc0JgiB4wlDEIDhUIuhhuIDZgDVffdBaRoiOWBABlEYrc81WCbR3hq45hJSbQECiYPHBzCKgWHTOZaetegy0Z2noP8lr/gEtXfuWc+5Es8FQkwAK6j1zPI0Z49NZNOhzv1mh8O13RJaINBYe9wetXnuvSfIWOh/cwpasYY4okMMX74AAqXyO4AiPIsp+z7g9Sb3AZXKwl3diPmQTU9iceDySgyiMWZWv10o+LULnELQ1ERQDwaXTwhtEM26fGnrTkDsDj74TYT2d+cI4Bk1MvWSEEsxcBkPI/l03D1ULjeEzGoJR2afSAOZr  2tBaxSMavgkkuKik+A3I2KUKgBnIKuCnfYxmKmlguIcKYTQ5wOrWjnJVeaJqegFEAcC/cS/2dMDWgHsVgA7WCgBucbQ6P2WmH5mkCRzafAve0eIzxwe9qZSxxyAJQf+IdStIQpSHsIgPexXicAnkAIbM7NmeVcMN8HEzEv304uzurZenmkZVWtcXV0Vef9TwP2r477WGl4cLZiISvhoKfpnTZ9l2oogBg0T69NS040+yKVb9Tc6353klIEZHHsUOG/S9PA8kBDafeYedCiBkph06pGZ4WK1BwKdghOq9Kqj3NMTiaca52mnoRAA2PyaBbiXHIVdaYLKFXvsuDGwQYbBRlk9JrMlDtvnVoJdPxbT9HNsMC7+zcL8m3kOw77W6t4E59dLdbfV3yWoi   iSR3hamVYPmNzcGDZjsiaSV6mDPqiskq5+rc1WEBWBBu4EKC1S6ll1by7p0q5oGPIZehkm3XVH21TGZNT12/THF3ph4tPI7Gk+SsGKtcknrGuYOUkJrCXEcxF12qekQ0LPqkOSVdzjtjkUjUq+B+pJ4OUL4HkH4duGwSpUttcZBWaSDpC2io9HWZiCPOfSBzFV5q6VyVmboJZbwYKmpDA7LFzWTGIXg+UCS1qOeQaK9Zi+8n6mx63SC6zoxUN+y1ZholwzmgoDRnsBk80BpzIDmWphPY24Gefx6P9TrgaGJHekP1qdzU78BTSDWxz+Et6pxFgxS6UdHNrH+6TklvxrFoFlAhcbuZ7X3t0Lq8Eaw3T2WDMBxR3cokIVtBmkrxr+zIkGwcYMagCZPe  doXEeqdPrGvf3LqEYZed2CM3nkNaf6UL/lcYCqgezdVdNILX6vfJBMbD4ZIHL168evL88PgIkxa8Co73tW0hQgfy44iRLX0lcZvQiGxhURZvI2zfRyxD4wRnMod4wmOpaud6I6HK2oOdLpa+yaIMhmXWVz3IYAfgyiXrc5yft0aJHhBXSp+KBXFE7kOqBPG1kV9KgGU2w5dOxVpfNRuWQ+WM4QmVZB5XTqZhpQ2DTUwh2DSgbF4zPCpXJ6jmqABdmA4hmT9DLi8bN3Z2d3r9zkyctyLRskMGgmzRVvbxSQuptoBkS7lIaRmPCRG8U0yKSzKhHnfxhmXerO4gFNLNa6RkQJQgAWqEW8DwUgfKGaHZMpWB6srHroIuLoRmJ24lGEJB5pgUkOwKPFja  7NvGY/HSfEFGxy5rOmeQcKvP8FPTT3esfGa7hDoyqAQ/HizfJHvFJKyQElZ+TfbBUe/w0dI12e+oy34BFrl64axyL024vWWMZYS+Qbhj9/d2aPr2i83e8v+hYPXhm367d7u9+y/9zYNfZP/3gh9t/MPGP25sbfQ27mwcbDzeeLnx9Ya98d8b/7Px243/PfzXw38//I/D/9SoP/xB1ufvNyq/w//6PytD2KI=</latexit>

Quantum Classical

Description of inputs Description of outputs

<latexit sha1_base64="nE5I2AxhRoQLxygKQBiFjI05Zpg="></latexit>

Σ = {0, 1}

H = C
Σ

|ψi 2 H

<latexit sha1_base64="8Rcm6MdiZqK41zER3Ly6/lHIY1s="></latexit>

|ψi =

✓

|0i c0

|1i c1

◆
<latexit sha1_base64="/Mv0zCZP2PdgatGI28FXfZvjd/0="></latexit>

pX =

✓

X = 0 p0
X = 1 p1

◆

Measure in 
computational basis

|0i , |1i

<latexit sha1_base64="yEPt6yTAJKytF4qJxqE6lMG8SlU=">AAACD3icbZDLSgMxFIYz1kutt/GycxMsggspM6IorgpuXFawF2iHkkkzbWgmE5JMYRjmIdy71VdwV1zqwgfwDXwM02kXtvWHwMd/zuGc/L5gVGnH+bZWCqtr6xvFzdLW9s7unr1/0FBRLDGp44hFsuUjRRjlpK6pZqQlJEGhz0jTH95N6s0RkYpG/FEngngh6nMaUIy0sbq23RkSnTrZOczBzbp22ak4ueAyuDMoV4/GBfH1Ede69k+nF+E4JFxjhpRqu47QXoqkppiRrNSJFREID1GftA1yFBLlpfnlGTw1Tg8GkTSPa5i7fydSFCqVhL7pDJEeqMXaxPy3JgaJolhlcH6/Dm68lHIRa8LxdH0QM6gjOAkH9qgkWLPEAMKSmh9APEASYW0iLJlo3MUglqFxUXEvK1cPJqNbMFURHIMTcAZccA2q4B7UQB1gMALP4AW8Wk/WmzW23qetK9Zs5hDMyfr8BfX+n9E=</latexit>

X = 0

<latexit sha1_base64="3li+7jZlLie58+Y5cbVZZtfc7i0="></latexit>















:

:

outcome outcome probability

X = 1

<latexit sha1_base64="8sL1fq5g3+nCvxZ1v1HqKXVt+do="></latexit>

p (X = 0) = |h0|ψi|
2

<latexit sha1_base64="CPOTU7DSOQ17sAaxQJ16987V4eg="></latexit>

p (X = 1) = |h1|ψi|
2
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Qubit example

<latexit sha1_base64="6r8IJGl5uHfcR7Ukq9bg/0Vtu/s=">AABB3Hic7TzbdtzIcbRzc5Db2nnMSzv05JCruZPUhfJsSEuUJVu3SNzVrjkTnR6gZ6ZFAA2hAXJGODgnD3nLyWs+Il+TV+drUtWNxmUGQ5FcSj6xPbsrAV3V1dXVdevqxo4Dl8uo2/3tD374J3/6Z3/+Fz/6S+uv/vpv/vbvvvjxT76RIg5t9rUtXBF+O6aSudxnX0c8ctm3QcioN3bZm/HpA4S/OWOh5MI/jhYBG3l06vMJt2kETW+/eGgNx2zK/eR9TP2In35IT6KQ+jKgIfOjkTV8f07+iQw9FrEwSfHRPreGzHeKDpb19ovNbrurfmT1oZc9bG5kv5dvf3zwb0NH2LEH Y9gulfKk1w2iUULDiNsuS61hLFlA7VM6ZSfw6FOPyVGippuSBrQ4ZCJC+M+PiGot90ioJ+XCGwOmR6OZXIZhYy0smC0kt2VKquNHk7ujhPtBHDHf1sNPYpdEgqBEicNDZkfuAh6oHXKYAbFnNKQ2iExaltW4iR9SIa9nIozsOJIkjrgr2+5ifkPUh1NXjKk7dIU/HTpsMuQS/kyGKFufvX+f1qB4m71kiEIcT5LNXlqH8tjWGKGXPG7b7Vqc4zAZioCFNBIhrnNyHNbindFlxG9oPSYor3+2hItttcgvgiXMF0Et3utlvNf1eCCxJURoqZ8QaM0SKjTVoobifAkTWmoxT0+TIdjv1GXDn2YPdWjjcTJ0DZpr0KzhQwbmGLIXrvMITOuB8DwKpj4c  CJ8z5kiCPCibNpMk3AsgN4C0qOr5skWutuXLrJtrFnoVUFnqVfDqYjdWB80WJ2u/aHka1xJr2Y+KOMKUGHNGP4JkGc0JgiB4wlDEIDhUIuhhuIDZgDVffdBaRoiOWBABlEYrc81WCbR3hq45hJSbQECiYPHBzCKgWHTOZaetegy0Z2noP8lr/gEtXfuWc+5Es8FQkwAK6j1zPI0Z49NZNOhzv1mh8O13RJaINBYe9wetXnuvSfIWOh/cwpasYY4okMMX74AAqXyO4AiPIsp+z7g9Sb3AZXKwl3diPmQTU9iceDySgyiMWZWv10o+LULnELQ1ERQDwaXTwhtEM26fGnrTkDsDj74TYT2d+cI4Bk1MvWSEEsxcBkPI/l03D1ULjeEzGoJR2afSAOZr  2tBaxSMavgkkuKik+A3I2KUKgBnIKuCnfYxmKmlguIcKYTQ5wOrWjnJVeaJqegFEAcC/cS/2dMDWgHsVgA7WCgBucbQ6P2WmH5mkCRzafAve0eIzxwe9qZSxxyAJQf+IdStIQpSHsIgPexXicAnkAIbM7NmeVcMN8HEzEv304uzurZenmkZVWtcXV0Vef9TwP2r477WGl4cLZiISvhoKfpnTZ9l2oogBg0T69NS040+yKVb9Tc6353klIEZHHsUOG/S9PA8kBDafeYedCiBkph06pGZ4WK1BwKdghOq9Kqj3NMTiaca52mnoRAA2PyaBbiXHIVdaYLKFXvsuDGwQYbBRlk9JrMlDtvnVoJdPxbT9HNsMC7+zcL8m3kOw77W6t4E59dLdbfV3yWoi   iSR3hamVYPmNzcGDZjsiaSV6mDPqiskq5+rc1WEBWBBu4EKC1S6ll1by7p0q5oGPIZehkm3XVH21TGZNT12/THF3ph4tPI7Gk+SsGKtcknrGuYOUkJrCXEcxF12qekQ0LPqkOSVdzjtjkUjUq+B+pJ4OUL4HkH4duGwSpUttcZBWaSDpC2io9HWZiCPOfSBzFV5q6VyVmboJZbwYKmpDA7LFzWTGIXg+UCS1qOeQaK9Zi+8n6mx63SC6zoxUN+y1ZholwzmgoDRnsBk80BpzIDmWphPY24Gefx6P9TrgaGJHekP1qdzU78BTSDWxz+Et6pxFgxS6UdHNrH+6TklvxrFoFlAhcbuZ7X3t0Lq8Eaw3T2WDMBxR3cokIVtBmkrxr+zIkGwcYMagCZPe  doXEeqdPrGvf3LqEYZed2CM3nkNaf6UL/lcYCqgezdVdNILX6vfJBMbD4ZIHL168evL88PgIkxa8Co73tW0hQgfy44iRLX0lcZvQiGxhURZvI2zfRyxD4wRnMod4wmOpaud6I6HK2oOdLpa+yaIMhmXWVz3IYAfgyiXrc5yft0aJHhBXSp+KBXFE7kOqBPG1kV9KgGU2w5dOxVpfNRuWQ+WM4QmVZB5XTqZhpQ2DTUwh2DSgbF4zPCpXJ6jmqABdmA4hmT9DLi8bN3Z2d3r9zkyctyLRskMGgmzRVvbxSQuptoBkS7lIaRmPCRG8U0yKSzKhHnfxhmXerO4gFNLNa6RkQJQgAWqEW8DwUgfKGaHZMpWB6srHroIuLoRmJ24lGEJB5pgUkOwKPFja  7NvGY/HSfEFGxy5rOmeQcKvP8FPTT3esfGa7hDoyqAQ/HizfJHvFJKyQElZ+TfbBUe/w0dI12e+oy34BFrl64axyL024vWWMZYS+Qbhj9/d2aPr2i83e8v+hYPXhm367d7u9+y/9zYNfZP/3gh9t/MPGP25sbfQ27mwcbDzeeLnx9Ya98d8b/7Px243/PfzXw38//I/D/9SoP/xB1ufvNyq/w//6PytD2KI=</latexit>

Quantum Classical

Description of inputs

<latexit sha1_base64="nE5I2AxhRoQLxygKQBiFjI05Zpg="></latexit>

Σ = {0, 1}

H = C
Σ

|ψi 2 H

<latexit sha1_base64="8Rcm6MdiZqK41zER3Ly6/lHIY1s="></latexit>

|ψi =

✓

|0i c0

|1i c1

◆
<latexit sha1_base64="/Mv0zCZP2PdgatGI28FXfZvjd/0="></latexit>

pX =

✓

X = 0 p0
X = 1 p1

◆

<latexit sha1_base64="BwbHbD+LyHNeJLaDt+2azMJs0yQ="></latexit>

0 1

0

1

1− p

p

Outcome X

P
ro

b
a

b
il

it
y
 p

(X
)
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010100...

The input and outputs of the meter interface: Formal

<latexit sha1_base64="6r8IJGl5uHfcR7Ukq9bg/0Vtu/s=">AABB3Hic7TzbdtzIcbRzc5Db2nnMSzv05JCruZPUhfJsSEuUJVu3SNzVrjkTnR6gZ6ZFAA2hAXJGODgnD3nLyWs+Il+TV+drUtWNxmUGQ5FcSj6xPbsrAV3V1dXVdevqxo4Dl8uo2/3tD374J3/6Z3/+Fz/6S+uv/vpv/vbvvvjxT76RIg5t9rUtXBF+O6aSudxnX0c8ctm3QcioN3bZm/HpA4S/OWOh5MI/jhYBG3l06vMJt2kETW+/eGgNx2zK/eR9TP2In35IT6KQ+jKgIfOjkTV8f07+iQw9FrEwSfHRPreGzHeKDpb19ovNbrurfmT1oZc9bG5kv5dvf3zwb0NH2LEH Y9gulfKk1w2iUULDiNsuS61hLFlA7VM6ZSfw6FOPyVGippuSBrQ4ZCJC+M+PiGot90ioJ+XCGwOmR6OZXIZhYy0smC0kt2VKquNHk7ujhPtBHDHf1sNPYpdEgqBEicNDZkfuAh6oHXKYAbFnNKQ2iExaltW4iR9SIa9nIozsOJIkjrgr2+5ifkPUh1NXjKk7dIU/HTpsMuQS/kyGKFufvX+f1qB4m71kiEIcT5LNXlqH8tjWGKGXPG7b7Vqc4zAZioCFNBIhrnNyHNbindFlxG9oPSYor3+2hItttcgvgiXMF0Et3utlvNf1eCCxJURoqZ8QaM0SKjTVoobifAkTWmoxT0+TIdjv1GXDn2YPdWjjcTJ0DZpr0KzhQwbmGLIXrvMITOuB8DwKpj4c  CJ8z5kiCPCibNpMk3AsgN4C0qOr5skWutuXLrJtrFnoVUFnqVfDqYjdWB80WJ2u/aHka1xJr2Y+KOMKUGHNGP4JkGc0JgiB4wlDEIDhUIuhhuIDZgDVffdBaRoiOWBABlEYrc81WCbR3hq45hJSbQECiYPHBzCKgWHTOZaetegy0Z2noP8lr/gEtXfuWc+5Es8FQkwAK6j1zPI0Z49NZNOhzv1mh8O13RJaINBYe9wetXnuvSfIWOh/cwpasYY4okMMX74AAqXyO4AiPIsp+z7g9Sb3AZXKwl3diPmQTU9iceDySgyiMWZWv10o+LULnELQ1ERQDwaXTwhtEM26fGnrTkDsDj74TYT2d+cI4Bk1MvWSEEsxcBkPI/l03D1ULjeEzGoJR2afSAOZr  2tBaxSMavgkkuKik+A3I2KUKgBnIKuCnfYxmKmlguIcKYTQ5wOrWjnJVeaJqegFEAcC/cS/2dMDWgHsVgA7WCgBucbQ6P2WmH5mkCRzafAve0eIzxwe9qZSxxyAJQf+IdStIQpSHsIgPexXicAnkAIbM7NmeVcMN8HEzEv304uzurZenmkZVWtcXV0Vef9TwP2r477WGl4cLZiISvhoKfpnTZ9l2oogBg0T69NS040+yKVb9Tc6353klIEZHHsUOG/S9PA8kBDafeYedCiBkph06pGZ4WK1BwKdghOq9Kqj3NMTiaca52mnoRAA2PyaBbiXHIVdaYLKFXvsuDGwQYbBRlk9JrMlDtvnVoJdPxbT9HNsMC7+zcL8m3kOw77W6t4E59dLdbfV3yWoi   iSR3hamVYPmNzcGDZjsiaSV6mDPqiskq5+rc1WEBWBBu4EKC1S6ll1by7p0q5oGPIZehkm3XVH21TGZNT12/THF3ph4tPI7Gk+SsGKtcknrGuYOUkJrCXEcxF12qekQ0LPqkOSVdzjtjkUjUq+B+pJ4OUL4HkH4duGwSpUttcZBWaSDpC2io9HWZiCPOfSBzFV5q6VyVmboJZbwYKmpDA7LFzWTGIXg+UCS1qOeQaK9Zi+8n6mx63SC6zoxUN+y1ZholwzmgoDRnsBk80BpzIDmWphPY24Gefx6P9TrgaGJHekP1qdzU78BTSDWxz+Et6pxFgxS6UdHNrH+6TklvxrFoFlAhcbuZ7X3t0Lq8Eaw3T2WDMBxR3cokIVtBmkrxr+zIkGwcYMagCZPe  doXEeqdPrGvf3LqEYZed2CM3nkNaf6UL/lcYCqgezdVdNILX6vfJBMbD4ZIHL168evL88PgIkxa8Co73tW0hQgfy44iRLX0lcZvQiGxhURZvI2zfRyxD4wRnMod4wmOpaud6I6HK2oOdLpa+yaIMhmXWVz3IYAfgyiXrc5yft0aJHhBXSp+KBXFE7kOqBPG1kV9KgGU2w5dOxVpfNRuWQ+WM4QmVZB5XTqZhpQ2DTUwh2DSgbF4zPCpXJ6jmqABdmA4hmT9DLi8bN3Z2d3r9zkyctyLRskMGgmzRVvbxSQuptoBkS7lIaRmPCRG8U0yKSzKhHnfxhmXerO4gFNLNa6RkQJQgAWqEW8DwUgfKGaHZMpWB6srHroIuLoRmJ24lGEJB5pgUkOwKPFja  7NvGY/HSfEFGxy5rOmeQcKvP8FPTT3esfGa7hDoyqAQ/HizfJHvFJKyQElZ+TfbBUe/w0dI12e+oy34BFrl64axyL024vWWMZYS+Qbhj9/d2aPr2i83e8v+hYPXhm367d7u9+y/9zYNfZP/3gh9t/MPGP25sbfQ27mwcbDzeeLnx9Ya98d8b/7Px243/PfzXw38//I/D/9SoP/xB1ufvNyq/w//6PytD2KI=</latexit>

Quantum Classical

<latexit sha1_base64="GlqItlke4S+BYrAdEcj+xdSHTMw="></latexit>

|ψi 2 H

Quantum wire / 

register

Classical wire / 

register

<latexit sha1_base64="V37050Hb9VTQ5YclxjVUkP61w9g="></latexit>

X ∈ Σ
<latexit sha1_base64="Hii0hgh3hXPMMq3z4EiNVn3A270="></latexit>

pX ∈ P (Σ)
<latexit sha1_base64="TD7UtiUln0DIsMgr/KxJ5+CtgzI="></latexit>

ρ ∈ D (H) ⊂ L (H)

Description of inputs Description of outputs

Classical random variable X over 

an alphabet Σ (assume 

computational basis)

Probability vector for X, in the 

space of probability vectors over 

the alphabet Σ

A pure state in the Hilbert space.

A state in the space of density operators, a subspace of the operator space on 

the Hilbert pure-state space.
<latexit sha1_base64="rSL95J3FJi/w/oASil2+x9fF/Pk="></latexit>

D (H) := {ρ ∈ Pos (H) : Tr (ρ) = 1}
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Quantum Meter: Elements and notation

<latexit sha1_base64="l42U7hS0+zPf8vNWUKAE1DqZ1lg="></latexit>

{µ̂(x) : x ∈ Σ}
n

ρ X,pX

input state on n qubits meter

possible 

classical 

outcome

set of possible classical 

measurement outcomes

measurement 

operator 

associated with 

outcome x

classical random 

variable representing 

the measurement 

outcome in an 

instance

probability 

distribution as 

(as a vector) over 

the possible 

outcomes

Coin-toss icon created by Good Ware - Flaticon
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Meter: Measurement operators

<latexit sha1_base64="l42U7hS0+zPf8vNWUKAE1DqZ1lg="></latexit>

{µ̂(x) : x ∈ Σ}
n

ρ X,pX

input state on n qubits meter

possible 

classical 

outcome

set of possible classical 

measurement outcomes

measurement 

operator 

associated with 

outcome x

classical random 

variable representing 

the measurement 

outcome in an 

instance

probability 

distribution as 

(as a vector) over 

the possible 

outcomes

Coin-toss icon created by Good Ware - Flaticon

<latexit sha1_base64="ucklgW9Bfy4Nyh7KC9Yt72WiYlw="></latexit>

µ̂ (0) = |0i h0|
<latexit sha1_base64="QAW/6OkB2fWm9Rlf3fIURhO8AZY="></latexit>

µ̂ (1) = |1i h1|

Qubit example
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Meter: Measurement operators

<latexit sha1_base64="l42U7hS0+zPf8vNWUKAE1DqZ1lg="></latexit>

{µ̂(x) : x ∈ Σ}
n

ρ X,pX

input state on n qubits meter

possible 

classical 

outcome

<latexit sha1_base64="cDsiWIKOdVJcD5DCe5MDe/UEC88="></latexit>

µ : Σ → Pos(H)
<latexit sha1_base64="NReqpEVs2/kq375VfHz/U6g4REg="></latexit>

{µ̂ (x) : x ∈ Σ} ⊂ Pos(H)

General description of the meter

Measurement function and operators:

<latexit sha1_base64="Q4sOxRNd1aOjFkZgHHzOEvZo7gg="></latexit>X

x∈Σ

µ̂ (x) = ÎH

Subject to identity resolution:

Coin-toss icon created by Good Ware - Flaticon

set of possible classical 

measurement outcomes

measurement 

operator 

associated with 

outcome x

Positive semidefinite 

operators
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Meter: Quantum-to-classical rule

<latexit sha1_base64="l42U7hS0+zPf8vNWUKAE1DqZ1lg="></latexit>

{µ̂(x) : x ∈ Σ}
n

ρ X,pX

input state on n qubits meter

possible 

classical 

outcome

Description of the meter

The quantum-to-classical rule (postulate of quantum)
<latexit sha1_base64="w1/qmnoOnirdLw+oZ2gIc1Di2b4="></latexit>

p (x) := Pr (X = x) = hµ̂ (x) , ρi = Tr
�

µ̂† (x) ρ
�

<latexit sha1_base64="BtlBxaJ9rMXhe2LXPH9DGNTdqTo="></latexit>

= hhµ̂ (x) |ρii

Coin-toss icon created by Good Ware - Flaticon

set of possible classical 

measurement outcomes

measurement 

operator 

associated with 

outcome x

John von Neumann

Image source: LANL

Max Born

Image source: Public domain

https://en.wikipedia.org/wiki/File:JohnvonNeumann-LosAlamos.gif
https://commons.wikimedia.org/wiki/File:Max_Born.jpg
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Meter: Quantum-to-classical rule

<latexit sha1_base64="l42U7hS0+zPf8vNWUKAE1DqZ1lg="></latexit>

{µ̂(x) : x ∈ Σ}

Coin-toss icon created by Good Ware - Flaticon

measurement operator

associated with outcome x

Positive operator-valued measure (POVM): Acronyms

• The measurement operator is also known under a few equivalent names:
 positive operator-valued measure (POVM), and
 probability-operator-valued measure (POM)

• Provide a mathematical formalism for general measurements, including loss of information. 

• Generalizes the traditional projective or Von Neumann measurements, sometimes called projection-valued measures (PVM)

• POVMs do not account for the effect on the quantum state after the measurement. 
For that, we need to introduce the effect-valued measures we would touch on in dynamic circuits, which can be used to construct POVMs.
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Measurement 

notation cheat sheet

…
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Single qubit example
     Single shot

 Many shots

 Statistics, unbiased estimators

 Bounds, Chernoff-Hoeffding inequality

     Bootstrapping

     Measurement bases

Measurement in Quantum Computers

* Coin-toss icon created by Good Ware - Flaticon

Measurement theory 101
    Why care?

 Formulation

Ideal
Scaling to n qubits
    Single shot preliminaries 

 Binary and Pauli strings

 Walsh–Hadamard

 Many shots

    Entangled measurements

 …
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<latexit sha1_base64="l42U7hS0+zPf8vNWUKAE1DqZ1lg=">AABCI3ic7TzbdttIcvLmtkFus8lDHvLSEw1zpDFJkZTki7ycSOuR1974Fksz9qzA49MEmmRbABpGAxJpHJyT93xHviZvOXnJQz4if5CqbjQAkqAsaWTv2Qtnxga6qqurq+vW1Y0Zhh6XcafzP7d+ 8kd//Cd/+mc//XPrL/7yr/76b7742d9+L0USOew7R3giejOkknk8YN/FPPbYmzBi1B967PXw9CHCX5+xSHIRHMezkA18Og74iDs0hqa3X/y7PWRjHqTvExrE/PRDZtmejLlzmn5lRxPxVUb+idjvz4dJ4HosDdSrz2IWATy1JzRObT/JNqabxEZmAjK1eWAf8bFP7Uz3 ds6JHeU03zRtPw2zt+kbAFo2C9zKyG+/WO+0O+pHlh+6+cP6Wv57+fZn+/9mu8JJfBbEjkelPOl2wniQ0ghG8xgMkEgWUueUjtkJPAbUZ3KQKqllpAEtLhmJCP4LYqJaqz1S6ks584eA6dN4Ihdh2FgLCyczyR2Zkfnx49G9QcqDMIlZ4OjhR4lHYkFwYYjLI+bE3gweqBNxmAFxJjSiDghbWpbVuIkfUiFHExHFThJLksTck21vNr0h6vbYE0Pq2aAIY9tlI5tL+DPVqsHev89qUPz1LugQCHE4Ste7WR3KY0djRH76uO20a3GOo9QWIYtoLCJc5/Q4qsU7o4uI39N6TBnS4GwBF9tqkV+EC5gvwlq8o0W8o3o8kNgCIrTUTwi0ZgEVmmpRI3G+ gAkttZinp6kd0WDsMfvL/KEObThMbc+geQbNsr9lYI4Re+G5j8C0Hgrfp2Dp9nCUpXYgIp96aHLwLlnEmcyMAmSg5qR1yZ9lXQkbNf8ZjLJHnnOHERgw4lPSUg4APCiXBMQmCbgwBXKYMjpSNeEYJAEaEIG7GaQBoGgiYOgNomEgWnAlrW+AximThMdECvwXHgS44XOw a2gOdb8mYbHTXuzsU5cRMZTCAzdLeEB6nV63CQ8yZtQlwA4BBtg5cQVYMMg1n8qcs1EYLcRoauyWRlpgG5YKYI5Znw+Bn6WkQX7t0fhUkGBOTqAqajTQw8QPLEKIjYJ8puAvQgwnMsVm+I04OPwW9Gjmj9CpmcMc4bIWCL1VQEhfB48oHUd0lq1AxPHnETMrW+TfWeJf s4trCzp/Ga6vwmoNB9ESB8j45YdHoV1JAGiHHxzwkA7zPAU8QeAg7bTv72ZZycxDgBOVEZAN6LCpNH8COsWD8RXNrhrt8qyhGv/Go1M2k7oRwR4fRjSapQ71nDwqVptDITlKAvhY7iMnNGSyPWYC0g4wy2WMMoGwbPxbxjNIVbyhl/VPeBCwiABr/Van3WPTAYgDLQis PGbTmHh0yDxpLbIfemA5+aTyNzPaiHvekMXnjAXZ1TxQ6Yk+nPpvkdO3QPyton4dMtccnKAjfM6YKwnyoGzaTJJwP4TcANKiec+XL/J8W7HMurlmoZcBc0u9DF5e7MbyoPni5O0XLU/jWmKt+lGRxJhZY84YxJBzozlBEARPGAlIiZUSQQ/DBcwGrPnqg9YyQnTEggig NFqZa75KoL0TdM0RpO4EAhIFiw8nFgHFolMut9qqR197lob+kxzxD2jp2recczee9G1NAiio99zxNCaMjydxv8eD5hyFNz8QWSHSmPk86Le67d0mKVrotH8bW/KGKaJADl++AwKk8gWCK3yKKHtd4/Yk9UOPyf5u0YkFkE2MYY/j81j24yhh83wdKfm0CJ1C0NZEUAwE l04Lrx9PYP9h6I0j7vZ9+k5E9XSmM+MYNDH1khNKMXPp25D9e14RqmYaI2A0IrjRkQYwXQFoTOdozuSEj+J+h02bhmZjthKjlme199Oc5mPrlgu4ZpCRzLSkclw9RhjXi8VjY9iwGZmol3nyIyHiQECGwz+wrJ6GEkLBoHP6cdmqdcpxWTAGre20u45fgHmwBO7cuVMi 6FmCop9utWkYVpjGNlRo1r9XSB3Uk0CKB2E79yKa434XdFz9LIK4jZuz8txmH0JSyaIFyyVPgglkyDEZRcLPbcx0uLwJyL6jiK9YVaXphvh0fkEidARNiBEO7Bn750zGpc7PY9IhJLgFpgTHOclWr31jii99m/lhPCs0fr4Ns5sbEnI1MZiiSCA1mGKip9zCoApWjhDA 6VMKzv0k16ndpnaY24OstRJiqOmcDCez3l3vpbYb0fMTDSMb693N27c31nt7oMW9TZje7dvQ2Gt173WgqbezmZnuwJH2hGm308HAEyT+ELIZMTIu0tK/66YgH/zmW5dj7PCvRUPFV4/KmCShCzLZU1uVVhcms6ugS6mayxwRqcqTbIewF/NFFE5q074qJtopIMlMSxaW T+fAEXM/ZOnj42dPs/Tg0XZ3ezubR8A8uMDYvY//LCSJ4By8Hqw2SBd2SdEYlBqbcLsDGbva0FrlIxq+CSS4qKT89cnQowqAGcgy4MseRjOVNDDcQ0UwmuxjdWtbuaoiUTW9AKIA4N+4n/g6YGvA/TmADtYKAG5xsDw/ZaYfmaQJHNp8S97R4nPHB72plInPIAlB/4h1K0hClIewSAB7FeJyCeQAhszsOr5Vww3wcTMS/fTi7Oyulqeaxry0ri+uOXn9QcP/oOG/0xpeHS6ciFgEaij45U6f5duJMgb0UxnQU9OOP8nGWPU3Od+u71eAGB15nLis3/OLPJAQ2HwWHbbnABEz7dAhM8PDavVDPgYjVO/zgnpPIyye5pyrnYZOBGDzYxLoVnoccaUF Jlvotu/BwAYRBhvk+ZTEmjxkm9/0u8VUTNvPsc2w8BsL9yviPQT7bqtzB5hTL52dVm+HLCcCVafl8Mh5qlQsd1yd0Y57v5fNb72tw0dnwovhUTZB1Q49sKiIO+QRZ55LDOiB0jm1FoSrnbE+RwGlwUQJgcz0HGFPMMdXL6uESflKNnxGsTZBXnGJf72EzUwQc+qZ8TY/ Ml6k+4Wm3wOC+3Mp+RlWIv1QBNDeNGwpDQYqYCaSQz6ku56z6AF5ffDq+ZPnv9wjxxNAGEN/qS2L0FCTGyYxGBkWmPEoUFeCqScFOWXgFHAEJ4mwVA3znoILqZpnU/Xm5BwLzmdDPTfEGItaERast1XlCDFdAXuqIIGd2oyMRDEWuAwfdiwOWL1ukajMLIlECKKtyN2g lU1l1wh2kDIWkWp0kpjxwE0c3VB0rLSVPbF6NdcwHskkGsP2G2jCFmiglC/heb3whvYXi9ZGLvf79b88I0fHPzw9/FRsfCuUhlAXtrxhEnGRSL25lbknY3EKnqHYdKJ9jzGAckdZOm7vjAvvd9m0WcJV7bCloyyQQdWVFi4VKdcFyClp16Ha5Trg8fUpm221HRe6DHko YGuzpWIm7F1lfwcJEd1u7FDvOgvGlV/pl36lWXYwilnXATw7OvtGjjrCwt5KPIMmt5xISDTzLVU72Gkqv/iQgmA5zttyisct6VAg0213YA6V5nJy9xBEqjAVHLbacTTDQscuQNXmv9veaXfnEHUcN5h35hAVS0/MSpANdA7qkGkkIrAMuUmsYp3mmCxbKwugIA2s5/5S lz3xWFxg0WCs3g2JTvseIJq2koAmjSS+18tn5cu4VSQIinXMGVSxsFEg6JJUr92ttA0TPyRDQLxbaTQuZkltVdeGQTN+YRmt16zB0gUpUNmZDRN28ZRSiUKAV4SduD7AUZVZ4J8GQquPVa8pnbZWZV8EQsPPHGdLxZJ+mSno5ABE+bWtpOrq0qxJUKqNA6XoFXKM/Why QPA5LIPM88cNR0CimftZFjtWUAJxqWBGqoSGkUKBFIUDZEIqgGUMUMfMXNdQW1WZD6SIVSos70YaBbofnfPYmcAwhRmDKMG3SNVeUSzIKXPFOkbl9jGOQtRS2VjpSfA1t5ZKj6diDG5MBQysm/khBsXRiEXmWNYrEZaMIWviTsMl2k9YmX4zTvUTxZXrJX+XIHxRwPrV r8jh08Nnh8+PP9GkbMeEIrNg794Vvg22LJhG9du7WT1i7i0/ilcsYIm7k+mTGwwbrr6wkHdQJpEWrjCzUiy/sSl40HxHJK1UD3NGPTFa5lydu7osBAvCDVxEsNql9NJK371TxTzwMeQyVPLtmqqvVsms6KnrlxnuztSjhcfReJKcF2OVS1LPOHeQElJTmKsoFqLLVI+Y RmWfrKCky3lnLBapehU8iNXTPsp3H9KvfY+N4myhLQmzeRpI+gIaKn1dJOKK8wDIXIWXWjpXZaZuQjkvhora0IBscTOZcwieDxRJLeo5JNor1uLHiTqfXieMrzMj1Q17rZhGxXD2KSjNGWwG97XG7EuOpekU9nag55/HYx2FHE3sUG+oPpWb+g14Cqkm9jm8RZ2zaJBS N+Z0M++frVLSm3EsmgVUSNxu5ntfJ7IubwSrzVPZIAxHVLcqSchWkKZS/Cs7MiSbhJgxaMKkezGdC5zZEqneNUjlPI14QL35qRp7Bk8kTpkRthYySFtJ/ccL28jkhkW9QkLXEXbtql1H1AVPlxb2UhC4bAy4Zgi4fgS4bgDI3dfnylqPnh88efq7GAUCyr3f4yBgbldN KH6DEGn9ragmwkZJoAqWqT0F5W12O812u9282+tk5nZloe/TmWkiF8qDfM2m4Uar0+5+HVF3w55ubn7tCIkP2cco5GtRQ0HyQFHIfjucQymsq8hq+04nFxY+IYGb8ijKFD7PRvjA1ICKkqNIIomnPGBPkYh1uV7ycaDQse8kjkO5t7UVs2kb1sY5ZVMHtHbM2o7wt94nTKp60Vb37p3e/TtbZQm0lY/R0sX8lqk/tXR54TP6sjSrNdQzzRj1CzeT5k0Hzy7d42K03Aul5TZuSd/xuil0TxgQ2EJaFRFuLRWOVzqUQtuZ5/FQslLdBdgFD7KK2XTqMoaPBc+V+79iZo4IWXH8iC1FcXaqKp4fkZW+tpnVDD5PFELQiVJV1m+VyMXxziD9qvXVfJca flngzrH8ySagndJVZ3D7ajPILuNnSt2uqSYtzgKLThi8RzTxMHsWZMjHpEXQBUsSeonEo3f40/GExHpnQKxr39y6hGFXndgjL5lCWn+lC/5XGAqoHk7VXTSC1+r3yAjGw+HShy9evHry/OD4EJMWvAqO97UdISIX8uOYkQ19JXGT0JhsYFEWbyNsPkAsQ+MEZzKFeMIT qWrneiOhytr97Q6WvsmsCoZl1lc9SH8b4Mol63Ocn7cGqR4QV0qfioVJTB5AqgTxtVFcSoBlNsNXTsVa3zQblkvlhOEJlWQ+V06mYWUNg01MIdg0oGyOGB6VqxNUc1SALkyHkNyfIZeXjRvbO9vd3tZEnLdi0XIiBoJs0Vb+8UkLqbaAZEu5SGkZjwkRfKucFJdkRH3u 4Q3LolndQSilW9RISZ8oQQLUCLeE4aUOlDNC82WqAtWVjx0FnV0IzU/cKjCEgswxKSD5FXiwtL386H2cmHNzfFf3TFRmbM6q1TqbNxo5SOP1ZEZOegNyPmEB6SKRfyavITeOhAORYm6F1Mc281/1GDFlQOJkAPIsRFtKkKx3swZA1GVPJTBcBvRbRQZVChi/41mMZ8US lWjZA3Onxc4FrGWzum+Olj0w/WaX6zdb7DcVhQ/pF6Pr/Lfkb7McphZdJbuL6PrCy5zmXSQL0I1soJPiAL8nQ/numYvFYF+e0J8yqzsJeL+KorI44FcU0sZ6b5Pc3oB9gciasKefiWwz7/0tYuc6QtCoMSh4Oqph00k+OV2+0G4nrUwnK24c4dmPhq+eibGfshc4Zu28 UiOwEjYrYWZpNARE8YDkp004XetT1lhfqFNO/EiYxzOSm4PyWJ9gOKAqwbU5FHJsXIl5EwSHK7EVTTAFKdmYGcRxut7L8G2ibtDBg/6avXLJI69hK9XY6DQ7m8pjnIC5kgFJwcKwF36HXr0Yor5D/TaP6PnBJWqiPupVn02VAeObvocXwrOb/ERbfaYnb4ggzGWqLjLs kZdU4lepsvB2+adE5it6oj6jb5PHLHBYU8XJgDHXXPnZsxr2Ph/lV7Q8QQGSatp4V5+ouoeNg+TfNh6Ll+YLMjr0WNM9g4RbfYafmX6649xntguoA4NK8OPB6k2yV0zCCilhFddkHx52Dx4tXJP9gXrsF2CRyxfO5u6lCa+7iLGI0DMId53e7jbN3n6x3l38PxQsP3zf a3fvtHf+tbe+/4v8/17w07V/WPvHtY217trdtf21x2sv175bc9b+79bf3yK3vjz4j4P/PPivg//WqD+5lff5u7W538H//j8i2/Lt</latexit> Single qubit example
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Summary: Qubit measured in the computational basis

<latexit sha1_base64="h/s1ofUC1KSaAL+lfKl3AelMqOo="></latexit>

{0, 1}

X

<latexit sha1_base64="NqdjS1LnMhL2vYSSctGqZg+D+v0="></latexit>

x µ̂ (x)
0 : µ̂(0) = |0i h0|
1 : µ̂(0) = |1i h1|

indimart

<latexit sha1_base64="4YdxixKc+QP06GiQSLP8aba+Q9Y="></latexit>

Σ = {0, 1}

Set of possible outcomes Measurement operators 

<latexit sha1_base64="eFaWXT26e94EVOY8G6+IrPMvPL8="></latexit>

(

X = 0 : p (X = 0) = Tr
�

µ̂(0)†ρ
�

= Tr (|0i h0| ρ) = 1

2
(1 + hZi)

X = 1 : p (X = 1) = Tr
�

µ̂(1)†ρ
�

= Tr (|1i h1| ρ) = 1

2
(1� hZi)

Probability to measure outcome
<latexit sha1_base64="BwbHbD+LyHNeJLaDt+2azMJs0yQ="></latexit>

0 1

0

1

1− p

p

Outcome X

P
ro

b
a

b
il

it
y
 p

(X
)

<latexit sha1_base64="PSd1ucH+j7PoO77ha47Jr/urzIY="></latexit>

X ∼ Bernoulli (p)

Bernoulli distribution.  Single shot outcome follows a Bernoulli distribution:
<latexit sha1_base64="2ijzWxxkeNUQeLituYpBuYjCzVc="></latexit>

p := Tr (|1i h1| ρ)
<latexit sha1_base64="Tmkk2DF3mBTWU+UdgVH68QMVjIU="></latexit>

E [X] = p
<latexit sha1_base64="450CZxXcpVm51IyLygR0z5+0wJ4="></latexit>

Var[X] = p(1− p)

<latexit sha1_base64="1BFdjQ+A1UfP2SXhuIMHqt4Ov/Q="></latexit>

∈ [0, 1]

Coin-toss icon created by Good Ware - Flaticon

<latexit sha1_base64="Hb6xdur2vV0yabhSQcGJBV63H5I="></latexit>

X ∈ Σ

<latexit sha1_base64="x09lCPEKfpsdo4eyYBwZbNTDSzw="></latexit>

|ψi

<latexit sha1_base64="tE1jl/dB+oh0fNAHnQ4IODHVPog="></latexit>

ρ = |ψi hψ| to be introduced 

later in detail

https://www.indiamart.com/proddetail/5-meter-measuring-tape-19732324162.html
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Quantum projection noise for a single shot

<latexit sha1_base64="h/s1ofUC1KSaAL+lfKl3AelMqOo="></latexit>

{0, 1}

ρ X

<latexit sha1_base64="OutYC6O1ua6w7pILqY06+DplqbE="></latexit>

0 0.2 0.4 0.6 0.8 1
0

0.25

0.5

Var[X] = p(1− p)

Std[X] =
p

p(1− p)

Probability p

Variance of the random classical variable vs. probability to obtain 1
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Uncertainty in observable (expected empirical variance)

<latexit sha1_base64="h/s1ofUC1KSaAL+lfKl3AelMqOo="></latexit>

{0, 1}

X

<latexit sha1_base64="x09lCPEKfpsdo4eyYBwZbNTDSzw="></latexit>

|ψi

<latexit sha1_base64="OutYC6O1ua6w7pILqY06+DplqbE="></latexit>

0 0.2 0.4 0.6 0.8 1
0

0.25

0.5

Var[X] = p(1− p)

Std[X] =
p

p(1− p)

Probability p
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M shots with IID distribution
M outcomes: independent and identically distributed (iid) random variables

Empirical mean random variable (sample mean statistic)

<latexit sha1_base64="kfEb3VfnIVXpQwlRvcXVU0yXgyM="></latexit>

X1, X2, . . . , XM ∈ Σ

Ideal single qubit measurement with M shots

<latexit sha1_base64="orLjLWoX8WkWqgWGgE081pgAREs="></latexit>

(

<latexit sha1_base64="orLjLWoX8WkWqgWGgE081pgAREs="></latexit>

(

<latexit sha1_base64="hsiQWFAPvLaNYDhUyOGszl3SfGE="></latexit>

ρ X1

shot 1

<latexit sha1_base64="iXRN5hW7Gs7FYqG/qZrMWD3tvCE="></latexit>

ρ X2

,

,

<latexit sha1_base64="vjH+2qPELx2l+WdyDpsotxPMoZw="></latexit>

.

.

.

<latexit sha1_base64="8qd/DJMDnIW/U2wgbiF5zeWMLUg="></latexit>

ρ XM

shot 2

shot M

Hand Image by iconicbestiary on Freepik

<latexit sha1_base64="0K7joF2l705IEJc/xgXGuGpjMaE="></latexit>

S =
1

M

MX

m=1

Xm
Find the expectation value and 

variance of the empirical mean

<latexit sha1_base64="+ZH1DYtDZkRE5DpXpqZpcUbezS0="></latexit>

E [Xm] = E [X] = p ∀m ∈ {1, . . . ,M}

<latexit sha1_base64="PkOOHqfarrY++h6XBJZU1ndog4s="></latexit>

E [aXm + bXn] = aE [Xm] + bE [Xn]
<latexit sha1_base64="PkOOHqfarrY++h6XBJZU1ndog4s="></latexit>

∀m,n, a, b ∈ C

<latexit sha1_base64="CljH2dzY2dyC5c2Kd1rD7iigWBU="></latexit>

X1, X2, . . . , XM ⇠ Pr [X = x] = hµ̂ (x)i

<latexit sha1_base64="OYzz7ugZRFCjoZ/uqsrNIcdUI8A="></latexit>

V [Xm] = V [X] = p (1− p) ∀ m ∈ {1, . . . ,M}
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Ideal single qubit measurement with M shots

<latexit sha1_base64="orLjLWoX8WkWqgWGgE081pgAREs="></latexit>

(

<latexit sha1_base64="orLjLWoX8WkWqgWGgE081pgAREs="></latexit>

(

<latexit sha1_base64="hsiQWFAPvLaNYDhUyOGszl3SfGE="></latexit>

ρ X1

shot 1

<latexit sha1_base64="iXRN5hW7Gs7FYqG/qZrMWD3tvCE="></latexit>

ρ X2

,

,

<latexit sha1_base64="vjH+2qPELx2l+WdyDpsotxPMoZw="></latexit>

.

.

.

<latexit sha1_base64="8qd/DJMDnIW/U2wgbiF5zeWMLUg="></latexit>

ρ XM

shot 2

shot M

M shots with IID distribution
M outcomes: independent and identically distributed (iid) random variables

Empirical mean random variable

Hand Image by iconicbestiary on Freepik

<latexit sha1_base64="0K7joF2l705IEJc/xgXGuGpjMaE="></latexit>

S =
1

M

MX

m=1

Xm

Observable

Map outcomes:  Example Pauli Z

<latexit sha1_base64="EBKQNc3E6mmvlvPl6yuggOXmp+s="></latexit>

x 7! O(x) <latexit sha1_base64="BI4pZRgdH7wBS/DaQ+GxeLJnQVY="></latexit>

O(1) = −1

<latexit sha1_base64="A6JlRVDhiBk0PvsNWmaVVDNlByk="></latexit>

O(0) = +1
<latexit sha1_base64="lQGKpzlRlln2gTySJSfH5MJ1M2M="></latexit>

Ô =
X

x∈Σ

O (x) µ̂ (x)

<latexit sha1_base64="PkO7RmMMGwQP2bqiMW7C2QzuVXg="></latexit>

E [S] = E [O(X)]

=
X

x∈Σ

O(x)p(x) = o
|
p

=

*

X

x∈Σ

O(x)µ (x) , ρ

+

= hhÔ|ρii = Tr
⇣

Ô†
ρ

⌘

=
D

Ô
E

(unbiased est)

<latexit sha1_base64="dWezhEvdS9FJAT/akTqsPJqCx64="></latexit>

V [S] = V

"

1

M

M
X

m=1

Xm

#

=
1

M2

M
X

m=1

V [X]

=
1

M
V [X]

=
p (1− p)

M

<latexit sha1_base64="kfEb3VfnIVXpQwlRvcXVU0yXgyM="></latexit>

X1, X2, . . . , XM ∈ Σ

<latexit sha1_base64="CljH2dzY2dyC5c2Kd1rD7iigWBU="></latexit>

X1, X2, . . . , XM ⇠ Pr [X = x] = hµ̂ (x)i
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Connection to distributions

<latexit sha1_base64="orLjLWoX8WkWqgWGgE081pgAREs="></latexit>

(

<latexit sha1_base64="orLjLWoX8WkWqgWGgE081pgAREs="></latexit>

(

<latexit sha1_base64="hsiQWFAPvLaNYDhUyOGszl3SfGE="></latexit>

ρ X1

shot 1

<latexit sha1_base64="iXRN5hW7Gs7FYqG/qZrMWD3tvCE="></latexit>

ρ X2

,

,

<latexit sha1_base64="vjH+2qPELx2l+WdyDpsotxPMoZw="></latexit>

.

.

.

<latexit sha1_base64="8qd/DJMDnIW/U2wgbiF5zeWMLUg="></latexit>

ρ XM

shot 2

shot M

Hand Image by iconicbestiary on Freepik

<latexit sha1_base64="0K7joF2l705IEJc/xgXGuGpjMaE="></latexit>

S =
1

M

MX

m=1

Xm
<latexit sha1_base64="LTc6DchOXev6+uQlw44Hg04iwpI="></latexit>

M × S ∼ Binomial (M,p)

The sum of the zero-one outcomes Xs is

The distribution of the average is a scaled binomial distribution

<latexit sha1_base64="kyZt5PJYxrWtelPveLSIKALuLzw="></latexit>

Pr



S =
k

M

�

=

✓

M

k

◆

pk(1− p)M−k
for k = 0,…,M.

<latexit sha1_base64="XC+0xVWlcgvbreAP6CWdUuCte0Y="></latexit>

S ∼ N

 

p,

r

p(1− p)

M

!

For large number of shots M, it is well approximated (central limit theorem; 

see next slide) by the normal distribution parameterized by its mean and 

standard deviation:

The approximation becomes more accurate as M increases.
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Animation of convergence of shots expectation value and mean

S

M

<latexit sha1_base64="kyZt5PJYxrWtelPveLSIKALuLzw="></latexit>

Pr



S =
k

M

�

=

✓

M

k

◆

pk(1− p)M−k
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Sampled output distribution

��� ��� ��� ��� ��� ���
����

����

����

����

����

������ ����
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��
��
����
�

����������� ���� �������� ℬ(�=���� �=���)

S

<latexit sha1_base64="/OWYKt70sQMaBPNDlvcQma19P+g="></latexit>

Probability mass function B (M = 101, p = 0.5)

<latexit sha1_base64="XC+0xVWlcgvbreAP6CWdUuCte0Y="></latexit>

S ∼ N

 

p,

r

p(1− p)

M

!
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Properties of the output distribution

��� ��� ��� ��� ��� ���
����

����

����

����

����

������ ����

��
��
��
����
�

����������� ���� �������� ℬ(�=���� �=���)

S

σSσS

<latexit sha1_base64="D4zfaRckO4iSp5gvtBNC9DPR8Rw="></latexit>

E [S] = p

<latexit sha1_base64="9r/KBAwLYbwfs2PK7996pGcD2e4="></latexit>

σS =
p

Var [S]

=

r

p(1− p)

M

<latexit sha1_base64="/OWYKt70sQMaBPNDlvcQma19P+g="></latexit>

Probability mass function B (M = 101, p = 0.5)
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�

����������� ���� �������� ℬ(�=���� �=���)

Concentration Measure for Sampling Expectation Values

S

+ε -ε 

1 - δ
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Error Bound on Quantum Expectation Values
Concentration Measure for Sampling Expectation Values

Empirical mean & sample properties

<latexit sha1_base64="yQI7QxJYzya/ywIhufWaE+DHlaE="></latexit>

S =
1

M

MX

m=1

O(Xm)

<latexit sha1_base64="lWuL9ELEqTDAhFQAvbYs1wK9LuA="></latexit>

Pr

h�

�

�
S −

D

Ô

E�

�

�
> ✏

i

≤ � := 2 exp

✓

−
1

2
M✏

2

◆

<latexit sha1_base64="gyzfnmyJiU6+e1DbFpqEIVA0AS8="></latexit>

M ≥ 2✏−2 log
�

2�−1
� ⇥

M ' 4✏−2
⇤

.

<latexit sha1_base64="IqgvtWjGBT32qdF15lhSfstmtM4="></latexit>

|O (x)| ≤ 1Chernoff-Hoeffding two-sided tail bound, given                          for

Tf. required number of shots is at least [or with high probability (greater than 2/3)]

Note that this scales same way (mod δ) as the variance bound with ε = σ : 
<latexit sha1_base64="/aSFv0TQ2UvKraSGI8962umn/q8="></latexit>

M ≥
1

4
✏
−2

ε specified (additive) precision (worst case additive error) for S 

with success probability at least 1 − δ. 

δ specific failure probability for 

meeting precision ε empirically. 

* Can find even tighter bound here owing 

to smaller [0,1] range

1 - δ



Zlatko Minev,  IBM Quantum (37)

<latexit sha1_base64="i7hXkl2ydxH+UWugUbA35eEibkA="></latexit>

10
−2

10
−1

10
0

10
1

10
2

10
3

10
4

10
5

Additive precision ✏

B
o
u
n
d
o
n
sa
m
p
le
s
M δ = 0.1

δ = 0.01

δ = 0.001

Ideal single qubit measurement with M shots

Tail bound on sample complexity

<latexit sha1_base64="gyzfnmyJiU6+e1DbFpqEIVA0AS8="></latexit>

M ≥ 2✏−2 log
�

2�−1
� ⇥

M ' 4✏−2
⇤

Observe that the probability δ is much 

cheaper than the precision ε.

Observe, n is not part of the equation.

<latexit sha1_base64="orLjLWoX8WkWqgWGgE081pgAREs="></latexit>

(

<latexit sha1_base64="orLjLWoX8WkWqgWGgE081pgAREs="></latexit>

(

<latexit sha1_base64="hsiQWFAPvLaNYDhUyOGszl3SfGE="></latexit>

ρ X1

shot 1

<latexit sha1_base64="iXRN5hW7Gs7FYqG/qZrMWD3tvCE="></latexit>

ρ X2

,

,

<latexit sha1_base64="vjH+2qPELx2l+WdyDpsotxPMoZw="></latexit>

.

.

.

shot 2

<latexit sha1_base64="8qd/DJMDnIW/U2wgbiF5zeWMLUg="></latexit>

ρ XM

��� ��� ��� ��� ��� ���
����

����

����

����

����

������ ����

��
��
��
����
�

����������� ���� �������� ℬ(�=���� �=���)

“Knowing you are not wrong is cheaper than 

  knowing you are right.” - Derek
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Concentration inequalities and tail bounds

https://www.zlatko-minev.com/blog/

inequalities 

Making a list,

checking it twice,

going to see

which inequality

is nice!

Markov? Hoeffding? 

Jensen? Chebyshev? 

Chernoff?

https://www.zlatko-minev.com/blog/inequalities
https://www.zlatko-minev.com/blog/inequalities
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W. Edwards Deming

See https://www.duperrin.com/english/2014/11/17/quote-god-trust-others-bring-data-deming/
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From data to error estimations

<latexit sha1_base64="h/s1ofUC1KSaAL+lfKl3AelMqOo="></latexit>

{0, 1}

X

<latexit sha1_base64="x09lCPEKfpsdo4eyYBwZbNTDSzw="></latexit>

|ψi

Suppose we took M=10 measurements with all zero outcomes: 

0000000000

What is our estimate of p?

What is the error bar on our estimate of p? p = 0?

The sunrise problem (see also German tank problem, Rule of succession)
<latexit sha1_base64="GBUu6/4tgDINZVFbfnOTTxK4HN0="></latexit>

Pr [sun rise tomorrow|It roseM times before] =
M + 1

M + 2

Bayesian and likelihood estimation

Connections to

• Maximum likely estimation (MLE)

• Bayesian estimation

• …

For small M



Zlatko Minev, IBM Quantum (41)

From data to error estimations

<latexit sha1_base64="h/s1ofUC1KSaAL+lfKl3AelMqOo="></latexit>

{0, 1}

X

<latexit sha1_base64="x09lCPEKfpsdo4eyYBwZbNTDSzw="></latexit>

|ψi

Suppose we took M=10 measurements with all zero outcomes: 0000000000

What is our estimate of p? What is the error bar on our estimate of p? 

<latexit sha1_base64="jrKdX72VkV3nC5erbJ5fH362Z/U="></latexit>

P0(p)
<latexit sha1_base64="vY8jxzPgfNIfZfeUn8FFE5XMKs8="></latexit>

P1(p)
<latexit sha1_base64="mybnI/zivyv0pXBqRjrvtPxmUP4="></latexit>

P2(p)
<latexit sha1_base64="yGjY+Ql2p5WbesZC0GubFy+bjRA="></latexit>

P10(p)
<latexit sha1_base64="IoOrSkNjO8fbPCxEd53LDLpwDGU="></latexit>

0 0.5 1
0

2

4

<latexit sha1_base64="hQwLZF3YgloFK23RGIUD+OvH82E="></latexit>

0 0.5 1

<latexit sha1_base64="UZ1hbE9PIJDoHDxX2JscTGOyNlM="></latexit>

0 0.5 1

<latexit sha1_base64="LM672buz7qx4souy5X8+2lpnxWY="></latexit>

0 0.5 1

<latexit sha1_base64="nYW4fxT5UGB9MXSTHYldJVG0PgU="></latexit>

P 0 (p|x) =
P (x|p)P (p)

P (x)
=

P (x|p)

P (x)

Bayesian update

Beta distribution

Probability parameter p of the ‘qubit’ coin

Before any measurements / coin tosses After first measurement outcome is 0 After first and second measurement 

outcome is 0
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Bootstrapping: A very brief overview

Bootstrapping is a powerful resampling technique used for estimating properties or even the distribution of a statistic.

x1 x2 x3 x4 x5

My raw data

…

<latexit sha1_base64="8tPECmtq4QkKpbQJHjTewEuOKj8="></latexit>

{x1, x2, . . . xM} Statistic S
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Bootstrapping: A very brief overview

Bootstrapping is a powerful resampling technique used for estimating properties or even the distribution of a statistic.

By repeatedly resampling with replacement from the observed raw data, we calculate the statistic on each resample.

x1 x2 x3 x4 x5

My raw data

Statistic S

x1x2 x4x5

My first resample

x1

x4 x5

My second resample

x1 x3 x3

…

Statistic S1

Statistic S2

…
��� ��� ��� ��� ��� ���

����

����

����

����

����

������ ����

��
��
��
����
�

����������� ���� �������� ℬ(�=���� �=���)

This yields an empirical estimate of the standard error – through the 

bootstrapped static ensamble used to calculate the standard deviations !!.

Bootstrap Empirical Mass Function
<latexit sha1_base64="MHfORNIo+iGiZS4lyfBbTjjKAPg="></latexit>

p̂(x) =
1

M

MX

m=1

I(xm = x)
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Bootstrapping: A very brief overview

Bootstrapping is a powerful resampling technique used for estimating properties or even the distribution of a statistic.

By repeatedly resampling with replacement from the observed raw data, we calculate the statistic on each resample.

x1 x2 x3 x4 x5

My raw data

x1x2 x4x5

My first resample

x1

x4 x5

My second resample

x1 x3 x3

Advantages

• applicable to any non-linear data processing, complex statistical estimates, etc. 

where theory is unclear.

• versatility: can be applied to almost any data and any statistical estimator.

• minimal assumptions 

• non-parametric method

• requires fewer assumptions about data

• simplicity, ease of implementation, broadly used

Key things to remember 

• Mean of the bootstrap ensemble: same as the raw data, no new information 

• Convergence: the bootstrap distribution converges to the true distribution of 

the statistic as the sample size increases. It is asymptotically correct
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Rotating 

measurement 

bases
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Measuring in bases other than the computational basis

<latexit sha1_base64="wbwFBjXho6HT1O+ShAle8bDW5bA="></latexit>

{|0i , |1i}

ρ

Z
<latexit sha1_base64="1kW5vD2EfYRJAJefDx6xm7vNzS0="></latexit>

{|+i , |�i}

X
<latexit sha1_base64="o25k4SruSuruyq9+JS3vbhU/eDw="></latexit>

{|+ii , |�ii}

Y

<latexit sha1_base64="IJFKXfec2oE6JZyL8QvOX3oQR6g="></latexit>

µ̂ (+) = |+i h+|
<latexit sha1_base64="o0xpANBBwlm5TBwuGqXIaVE+k+g="></latexit>

µ̂ (�) = |�i h�|

Description of the meter

The quantum-to-classical rule (postulate of quantum)
<latexit sha1_base64="w1/qmnoOnirdLw+oZ2gIc1Di2b4="></latexit>

p (x) := Pr (X = x) = hµ̂ (x) , ρi = Tr
�

µ̂† (x) ρ
�

<latexit sha1_base64="BtlBxaJ9rMXhe2LXPH9DGNTdqTo="></latexit>

= hhµ̂ (x) |ρii
John von Neumann

Image source: LANL

Max Born

Image source: Public domain

https://en.wikipedia.org/wiki/File:JohnvonNeumann-LosAlamos.gif
https://commons.wikimedia.org/wiki/File:Max_Born.jpg


Zlatko Minev,  IBM Quantum (48)

Relating to the measurement we have at our disposal

<latexit sha1_base64="wbwFBjXho6HT1O+ShAle8bDW5bA="></latexit>

{|0i , |1i}

ρ

Z

Description of the meter

The quantum-to-classical rule (postulate of quantum)
<latexit sha1_base64="w1/qmnoOnirdLw+oZ2gIc1Di2b4="></latexit>

p (x) := Pr (X = x) = hµ̂ (x) , ρi = Tr
�

µ̂† (x) ρ
�

<latexit sha1_base64="BtlBxaJ9rMXhe2LXPH9DGNTdqTo="></latexit>

= hhµ̂ (x) |ρii
John von Neumann

Image source: LANL

Max Born

Image source: Public domain

<latexit sha1_base64="wbSBoAT8E6sSXSWMVvjatDZ1w94="></latexit>

Tr
⇥

µ† (x) ρ
⇤

= Tr
⇥

µ† (x) IρI
⇤

= Tr
⇥

µ† (x)U†Uρ
0U†U

⇤

= Tr
⇥�

Uµ† (x)U†
� �

Uρ
0U †

�⇤

= Tr
h

�

U †µ (x)U
�† �

Uρ
0U†

�

i

= Tr [µ0 (x) ρ0]
<latexit sha1_base64="V4xK/4GsS3QWZ6ESCLrLvdzJtdY="></latexit>

µ0 (x) := U†µ (x)U

https://en.wikipedia.org/wiki/File:JohnvonNeumann-LosAlamos.gif
https://commons.wikimedia.org/wiki/File:Max_Born.jpg
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Example: Change of measurement basis

<latexit sha1_base64="zsL3nDcXD2aXOPEWBz8tKkgOwt8="></latexit>

{µ̂(x)}

Û =

{Û †µ̂(x)Û}

Examples: 
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Example: Change of measurement basis

<latexit sha1_base64="zsL3nDcXD2aXOPEWBz8tKkgOwt8="></latexit>

{µ̂(x)}

Û =

{Û †µ̂(x)Û}

Examples: 
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That’s our scaffolding

cartoon: brgfx from freepik

All else follows from here

Building models and assumption

in
dim

art

https://www.indiamart.com/proddetail/5-meter-measuring-tape-19732324162.html
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Single qubit example
     Single shot

     Many shots

     Statistics, unbiased estimators

     Bounds, Chernoff-Hoeffding inequality

     Error bars on experimental data: likelihood

     Bootstrapping

     Measurement bases

Measurement in Quantum Computers

* Coin-toss icon created by Good Ware - Flaticon

Measurement theory 101
    Why care?

 Formulation

Ideal
Scaling to n qubits
    Single shot preliminaries 

 Binary and Pauli strings

 Walsh–Hadamard

 Many shots

    Entangled measurements

 …


