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What is one thing you

learned in Lecture 1?

Image: Freepik
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Review of Lecture 1

Image: Freepik
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Quantum computers Biggest Problem: Noise Mitigation
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Mitigation fundamentals
 

Quantum Error Mitigation

Lecture 2

road based on: freepik; Monster image by jcomp on Freepik

Learning quantum noise

   Challenge

   Overcoming

   Sparse model

 

Probabilistic error cancelation (PEC)

   Summarize one qubit example

      Analogy to random walks 

  Error bars & confidence

  Appendix: 

     Generalized

     Show unbiased estimator  

Putting it together 

   Experiments – Ising model

   Consequences for the big 

   picture

Hardware progress
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Canceling noise with noise
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<latexit sha1_base64="e0Za2kOJMt/kEAsmggW+p9AZl5E="></latexit>

Q1 X Λ I ×sX

<latexit sha1_base64="KSGWMZSXjDODGC6BPmSVRjj8sm8="></latexit>

Q1 I Λ I ×sI

How to implement?

<latexit sha1_base64="puzTCBiiiQOi6FWwObeZg568cSY="></latexit>
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probability

P
I
 = |1-q|/γ

s
X
 = sign(q)

s
I
 = sign(1-q)

P
X
 = |q|/γ

sampling overhead 

γ = |1-q| + |q|
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random circuits

(quantum trajectories)

mitigated expectation
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Gain: Bias-free estimate!

Cost: Variance

P
I
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= 1
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More qubits, gates, and channels

inverse operation of noise channel

<latexit sha1_base64="13nwGo/oeznEqQ8NdIHk80Xpq4E="></latexit>
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Generalizing: Raveling trajectories with quasiprobabilities

Discussions with David Sutter

Technique     Channel C

 Prob. error cancelation (PEC)  noise inverse

 Cricut cutting (knitting) of gates  non-local gate

 Cricut cutting of wires   large unitary

 Classical sim. algorithms (QP)  unitary

Putting the following techniques all on the same footing

Real coefficients, turn 

into quasi-probability

CPTP operation we 

can implement

<latexit sha1_base64="OJ+Ct+tT6ahOcPAAZ7DAx6pOHUo="></latexit>

C(·) =
X

i

aiFi(·)

Channel we want 

to implement
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Deep dive: 

Probabilistic error cancellation (PEC) 

To learn and cancel quantum noise

Paper: Nature Physics (2023)

Ewout van den Berg,  Zlatko K. Minev,  Abhinav Kandala,  Kristan Temme

Got Slides?
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W. Edwards Deming

See https://www.duperrin.com/english/2014/11/17/quote-god-trust-others-bring-data-deming/
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M shots with IID distribution
M outcomes: independent and identically distributed (iid) random variables

Empirical mean random variable (sample mean statistic)

<latexit sha1_base64="kfEb3VfnIVXpQwlRvcXVU0yXgyM="></latexit>

X1, X2, . . . , XM ∈ Σ

Ideal single qubit measurement with M shots

<latexit sha1_base64="orLjLWoX8WkWqgWGgE081pgAREs="></latexit>
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ρ XM

shot 2

shot M

Hand Image by iconicbestiary on Freepik
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S =
1

M

MX

m=1

Xm
Find the expectation value and 

variance of the empirical mean

<latexit sha1_base64="CljH2dzY2dyC5c2Kd1rD7iigWBU="></latexit>

X1, X2, . . . , XM ⇠ Pr [X = x] = hµ̂ (x)i
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Empirical mean: an unbiased estimator
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S =
1

M

MX

m=1

Xm
Find the expectation value and 

variance of the empirical mean
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E [S] = E

"

1

M

M
X

m=1

Xm

#

=
1

M

M
X

m=1

E [X]

= E [X]

=
D

M̂
E

= p

linear functional

expectation value of a single shot

relation to quantum operator we 

derived earlier (unbiased estimator)

relation to probability to measure 1
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E [Xm] = E [X] = p ∀m ∈ {1, . . . ,M}
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E [aXm + bXn] = aE [Xm] + bE [Xn]
<latexit sha1_base64="PkOOHqfarrY++h6XBJZU1ndog4s="></latexit>

∀m,n, a, b ∈ C
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M
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V [X]
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V [X]

=
p (1− p)

M

How noisy is our estimate of the empirical mean?
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S =
1

M

MX

m=1

Xm
Find the expectation value and 

variance of the empirical mean

Use key identity for variance

(you can derive this from the definition)

<latexit sha1_base64="eZhae5OI/QXIUdfmNNx71sHP4ew="></latexit>

V [aXm + bXn] = a
2
V [Xm] + b

2
V [Xn]

The variance is reduced by the number of 

sampler we take!

Thus we can suppress the quantum 

projection noise with enough shots.

The standard deviation drops as one over 

square root of the number of shots.

<latexit sha1_base64="3EUfivzCJLXUVuoIGc75slnXWnM="></latexit>
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=
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M

=

r

p (1− p)

M
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V [Xm] = V [X] = p (1− p) ∀ m ∈ {1, . . . ,M}
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Animation of convergence of shots expectation value and mean

S

M

<latexit sha1_base64="kyZt5PJYxrWtelPveLSIKALuLzw="></latexit>
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M

k

◆

pk(1− p)M−k

Binomial distribution
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Sampled output distribution
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Probability mass function B (M = 101, p = 0.5)
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Properties of the output distribution
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Probability mass function B (M = 101, p = 0.5)

person: facebook
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Concentration Measure for Sampling Expectation Values

S

+ε -ε 

1 - δ

Icon: Flaticon
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Error Bound on Quantum Expectation Values
Concentration Measure for Sampling Expectation Values

Empirical mean & sample properties

<latexit sha1_base64="yQI7QxJYzya/ywIhufWaE+DHlaE="></latexit>
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M ≥ 2✏−2 log
�

2�−1
� ⇥

M ' 4✏−2
⇤

.

<latexit sha1_base64="IqgvtWjGBT32qdF15lhSfstmtM4="></latexit>

|O (x)| ≤ 1Chernoff-Hoeffding two-sided tail bound, given                          for

Tf. required number of shots is at least [or with high probability (greater than 2/3)]

Note that this scales same way (mod δ) as the variance bound with ε = σ: 
<latexit sha1_base64="/aSFv0TQ2UvKraSGI8962umn/q8="></latexit>

M ≥
1

4
✏
−2

ε specified (additive) precision (worst case additive error) for S 

with success probability at least 1 − δ. 

δ specific failure probability for 

meeting precision ε empirically. 

* Can find even tighter bound here owing 

to smaller [0,1] range

1 - δ

Very general scaling for 

sampling problems!
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M δ = 0.1

δ = 0.01

δ = 0.001

Ideal single qubit measurement with M shots

Tail bound on sample complexity
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⇤

Observe that the probability δ is much 

cheaper than the precision ε.

Observe, n is not part of the equation.
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“Knowing you are not wrong is cheaper than 

  knowing you are right.”
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Concentration inequalities and tail bounds

https://www.zlatko-minev.com/blog/

inequalities 

Making a list,

checking it twice,

going to see

which inequality

is nice!

Markov? Hoeffding? 

Jensen? Chebyshev? 

Chernoff?

https://www.zlatko-minev.com/blog/inequalities
https://www.zlatko-minev.com/blog/inequalities
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.

.
.
.
.

Q1 · · ·

Λ̃i
Ui

· · ·

Q2 · · · · · ·

Qn · · · · · ·

Is it possible to learn the noise

with accuracy, efficiency, and scalability?

Energy relaxation T1

Dephasing T2

Coherent errors ZZ

Classical crosstalk

Quantum crosstalk 

State preparation error

Measurement correlated errors 

…

Control errors 

Photon shot noise 

1/f charge noise

1/f flux noise 

Nonequilibrium quasiparticles

Leakage

Cosmic rays 

…
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PEC: Nice, but why hasn’t worked so far for experiments?

Practical challenges

<latexit sha1_base64="puzTCBiiiQOi6FWwObeZg568cSY="></latexit>

Q1 Λ
−1 Λ I

1. S. Endo, S. C. Benjamin, Y. Li, Physical Review X 8, 031027 (2018).

2. C. Song, et al., Science Advances 5, arXiv:2109.04457(2019).

3. S. Zhang, et al., Nature Communications 11, 587 (2020).

4. C. Piveteau, D. Sutter, S. Woerner, arXiv:2101.09290 (2021).

5. S. Endo, et al., J. Physi Soc. of Japan 90, 032001 (2021).

6. C. Piveteau, et al., arXiv:2103.04915 (2021).

7. R. Takagi, Phys. Rev. Research 3, 033178 (2021).

8. R. Takagi, S. Endo, S. Minagawa, M. Gu, arXiv:2109.04457 (2021).

9. Y. Guo, S. Yang, arXiv preprint arXiv:2201.00752 (2022).

10. . . .

Despite the method’s theoretical appeal (1-10), practical challenges 

have limited its demonstration to the one and two-qubit level (2, 3)

Small scale Critically hinges on knowing the full noise 

near perfectly 
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PEC: Nice, but why hasn’t worked so far? Challenges

<latexit sha1_base64="puzTCBiiiQOi6FWwObeZg568cSY="></latexit>

Q1 Λ
−1 Λ I

Small scale

noise in full device

• cross-talk

• correlated errors

• parallel gates

learning complexity

• efficient 

• scalable

• accurate

• compact, tractable representation

Challenges

10 qubits 1012 parameters
50 qubits 1060 parameters

<latexit sha1_base64="13nwGo/oeznEqQ8NdIHk80Xpq4E="></latexit>
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1
Λ1 U1

Q2

Qn

Large scale

noise param values 10-2 - 10-5

additive error sampling cost (>102 – 1010)

2 qubits  255 parameters
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Outline

Learn

Cancel
(realization)

Icon: Flaticon

Idea
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Step 1: Simplify the noise

noise that includes cross-talk errors, etc.
characterized by some 4n x 4n matrix

<latexit sha1_base64="vmJnZJgIX2STl8qxWZDyrMkeMGc="></latexit>
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Qn · · · · · ·
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Step 1: Simplify the noise: twirl

Twirling references 

1. C. H. Bennett, G. Brassard, S. Popescu, B. Schumacher, J. A. Smolin, 

W. K. Wootters, et al., Phys. Rev. Lett. 76, 722 (1996).

2. E. Knill, arXiv:0404104 (2004).

3. O. Kern, G. Alber, D. L. Shepelyansky, EPJ D 32, 153 (2005).

4. M. R. Geller, Z. Zhou, Physical Review A 88, 012314 (2013).

5. J. J. Wallman, J. Emerson, Physical Review A 94, 052325 (2016)

6. Hashim et al., Phys. Rev. X 11, 041039 (2021)

7. Tutorial: zlatko-minev.com/blog/twirling (2022)

8. ...

twirl reduces to noise 4n x 4n matrix to diagonal one with 4n entries in Pauli basis

<latexit sha1_base64="vPAhn13KuHJxXkULpGPUAk9BhnM="></latexit>
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.

Q1 · · · Pi,1

Λ̃i

P
†
i,1

Ui

· · ·

Q2 · · · Pi,2 P
†
i,2

· · ·

Qn · · · Pi,n P
†
i,n

· · ·

* some sub-Clifford twirl group (use Paulis)

<latexit sha1_base64="Du42vjgI0EPT+JYoCv1p976b25I="></latexit>
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Λi Ui

· · ·

· · · · · ·

· · · · · ·

average over 

twirl instances*

<latexit sha1_base64="3WR5VXrH3Rx0u0Lhzd/dx7YsWHo="></latexit>

Λi (ρ) =
4
n

−1X

a=0

ciaPaρP
†
a

Stochastic Pauli channel

<latexit sha1_base64="59QajNibB0/nOnXRdXAcLru8DWU="></latexit>

Λ(Pa) = faPa
eigenvecs are Paulis

Tutorial
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Step 2 wish: amplify noise

Akin to:

RB, Cycle RB, K-body noise reconstruction, ...

S.T. Flammia and J.J. Wallman ACM Trans QC 1, 3 (2020), ...

For something of a review of protocols, see Helsen, et al., A general framework for randomized 

benchmarking (arXiv:2010.07974)

<latexit sha1_base64="tRMm9IzaV17iw+tCFUOwGMj7u9E="></latexit>
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Q1 B1

Λ Λ Λ

B
†
1

Q2 B2 B
†
2

Qn Bn B†
n

prepare circuit in pre-
determined Pauli basis

measure circuit in same 
pre-determined Pauli basis

<latexit sha1_base64="q+LpzXMDf4xf+YTZn40SfKB1+cA="></latexit>
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
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

















k repetitionsfor the i-th layer

Since diagonal channel
will amplify eigenvalues
learn with multiplicative precision 
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Notes

<latexit sha1_base64="3WR5VXrH3Rx0u0Lhzd/dx7YsWHo="></latexit>

Λi (ρ) =
4
n

−1X

a=0

ciaPaρP
†
a
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Λ(Pa) = faPa
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ρ =
1

2

⇣

Î + ρXX̂ + ρY Ŷ + ρZẐ

⌘

For a qubit
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Notes
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Notes

<latexit sha1_base64="3WR5VXrH3Rx0u0Lhzd/dx7YsWHo="></latexit>

Λi (ρ) =
4
n

−1X

a=0

ciaPaρP
†
a

<latexit sha1_base64="59QajNibB0/nOnXRdXAcLru8DWU="></latexit>

Λ(Pa) = faPa

For a single step
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Notes

<latexit sha1_base64="3WR5VXrH3Rx0u0Lhzd/dx7YsWHo="></latexit>

Λi (ρ) =
4
n

−1X

a=0

ciaPaρP
†
a

<latexit sha1_base64="59QajNibB0/nOnXRdXAcLru8DWU="></latexit>

Λ(Pa) = faPa

For a single step
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Step 2 wish: amplify noise

Akin to:

RB, Cycle RB, K-body noise reconstruction, ...

S.T. Flammia and J.J. Wallman ACM Trans QC 1, 3 (2020), ...

For something of a review of protocols, see Helsen, et al., A general framework for randomized 

benchmarking (arXiv:2010.07974)

<latexit sha1_base64="tRMm9IzaV17iw+tCFUOwGMj7u9E="></latexit>

· · ·

· · ·
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.
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.

.

.

.

.

· · ·

Q1 B1

Λ Λ Λ

B
†
1

Q2 B2 B
†
2

Qn Bn B†
n

prepare circuit in pre-
determined Pauli basis

measure circuit in same 
pre-determined Pauli basis

<latexit sha1_base64="q+LpzXMDf4xf+YTZn40SfKB1+cA="></latexit>



















<latexit sha1_base64="P7hIltnElu+cu/kklePDY5wEpos="></latexit>



















k repetitionsfor the i-th layer

Since diagonal channel
will amplify eigenvalues
learn with multiplicative precision 
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<latexit sha1_base64="Du42vjgI0EPT+JYoCv1p976b25I="></latexit>
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· · ·

Λi Ui

· · ·

· · · · · ·

· · · · · ·

<latexit sha1_base64="q+LpzXMDf4xf+YTZn40SfKB1+cA="></latexit>
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

<latexit sha1_base64="P7hIltnElu+cu/kklePDY5wEpos="></latexit>



















k repetitions

Step 2: Ideally, amplify the noise and learn

<latexit sha1_base64="fZoDYX7zqJnYQkK9Z/rpXaq7xM4="></latexit>

Λ
k

i
(Pa) = fk

ia
Pa

Ideally wish
Akin to:

RB, Cycle RB, K-body noise reconstruction, ...

S.T. Flammia and J.J. Wallman ACM Trans QC 1, 3 (2020), ...

Erhard et al., arXiv:1902.08543; Ferracin et al., arXiv:2201.10672, ...

For something of a review of protocols, see Helsen, et al., arXiv:2010.07974

Entangler
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Let’s see how the amplification works with gates: no-go theorem

<latexit sha1_base64="59QajNibB0/nOnXRdXAcLru8DWU="></latexit>

Λ(Pa) = faPa

fundamental degeneracy – can not undo some non-local – need entangling operation 

<latexit sha1_base64="2jo8MqrtLEYhNXoKpiO9IwK/Nfo="></latexit>

XY YZ YZ XYXY Λ CX Λ CX

fXY +1 fY Z +1

action of CX here can be undo by SQ gates
<latexit sha1_base64="4RkfXo55XMoD2Elkte2YaZNO1n0="></latexit>

fXY fY ZXY

2Q example

<latexit sha1_base64="StWJTYeuTm3WpF1f/rvhuRm88lE="></latexit>

XI XX XX XIXI Λ CX Λ CX

fXI +1 fXX +1

action of CX here can not be undone by SQ gates
<latexit sha1_base64="H8W/0qUioiRzffUFTVQ4l7mbV9o="></latexit>

fXIfXXXI

2Q example
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How to gates move state Paulis around?

cNOT Example single qubit gates

SI

IS

HI

IH
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<latexit sha1_base64="Du42vjgI0EPT+JYoCv1p976b25I="></latexit>
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· · ·

Λi Ui

· · ·

· · · · · ·

· · · · · ·

<latexit sha1_base64="q+LpzXMDf4xf+YTZn40SfKB1+cA="></latexit>
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<latexit sha1_base64="P7hIltnElu+cu/kklePDY5wEpos="></latexit>
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

k

Not so simple to learn noise of entangling gates

<latexit sha1_base64="fZoDYX7zqJnYQkK9Z/rpXaq7xM4="></latexit>

Λ
k

i
(Pa) = fk

ia
Pa

Ideally wish

Fundamental no-go theorem on learning

For general and in-depth

Senrui Chen, Y. Liu, M. Otten, A. Seif, B. Fefferman, L. Jiang

arXiv:2206.06362 (2022)

or supplement of our paper for qubit version and work by 

S. Flammia, S Benjamin, and teams.

Entangler
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Solution: Custom protocol + weak assumption

<latexit sha1_base64="arz8HRNuGF1caFlfHo48IJO8agM="></latexit>
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.

.

.

.

.

.

.

.

Q1 B1

Λ U

S1

Λ U

S
†
1

B
†
1

R1

Q2 B2 S2 S
†
2

B
†
2

R2

Qn Bn Sn S†
n

B†
n

Rn

<latexit sha1_base64="q+LpzXMDf4xf+YTZn40SfKB1+cA="></latexit>
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

<latexit sha1_base64="P7hIltnElu+cu/kklePDY5wEpos="></latexit>



















k/2

Learning circuits 

<latexit sha1_base64="yfIBBnicCEvRfWQ8aHTk2KynyMk="></latexit>

Q1

Q4

Q7

Q6

<latexit sha1_base64="G7hCJ7FC5wVv4x+4ILf7T+X0zW4="></latexit>

U

Example
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Learning the noise: raw data

First basis

9 bases, 100 randomizations, 216 shots

<latexit sha1_base64="arz8HRNuGF1caFlfHo48IJO8agM="></latexit>
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Q1 B1

Λ U

S1

Λ U

S
†
1

B
†
1

R1

Q2 B2 S2 S
†
2

B
†
2

R2

Qn Bn Sn S†
n

B†
n

Rn

<latexit sha1_base64="q+LpzXMDf4xf+YTZn40SfKB1+cA="></latexit>
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<latexit sha1_base64="P7hIltnElu+cu/kklePDY5wEpos="></latexit>
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















k/2

<latexit sha1_base64="yfIBBnicCEvRfWQ8aHTk2KynyMk="></latexit>

Q1

Q4

Q7

Q6

Falco
n 27Q
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Learning the noise: raw data

9 bases, 100 randomizations, 216 shots

2n curves

<latexit sha1_base64="arz8HRNuGF1caFlfHo48IJO8agM="></latexit>
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<latexit sha1_base64="q+LpzXMDf4xf+YTZn40SfKB1+cA="></latexit>
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<latexit sha1_base64="P7hIltnElu+cu/kklePDY5wEpos="></latexit>
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
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





k/2

<latexit sha1_base64="yfIBBnicCEvRfWQ8aHTk2KynyMk="></latexit>

Q1

Q4

Q7

Q6
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Raw data

<latexit sha1_base64="yfIBBnicCEvRfWQ8aHTk2KynyMk="></latexit>

Q1

Q4

Q7

Q6
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Reconstructing quantum channel from measurement data 

<latexit sha1_base64="dUm/QxOmHKZBfvu5/tTZFXDhy4k="></latexit>

Λ (ρ) =
4
n

−1X

a=0

caPaρP
†
a

Still 4n
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Sparse Pauli-Lindblad model

<latexit sha1_base64="dUm/QxOmHKZBfvu5/tTZFXDhy4k="></latexit>

Λ (ρ) =
4
n

−1X

a=0

caPaρP
†
aFalco

n 27Q

Highlight: Ewout van den Berg

<latexit sha1_base64="e9egTnnugREv7CZNcagTm03J5QA="></latexit>

L (ρ) =
X

k∈K

λk (PkρPk − ρ)

<latexit sha1_base64="2QnGCvugji3p/YI8jH90IKMz0Ik="></latexit>

Λ (ρ) = exp [L] (ρ)

Magic

icon: Eucalyp
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Notes
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Each sub channel

=
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Each sub channel
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λ
k

<latexit sha1_base64="YmHN0BHZlVW7b8hvEiVfwQCoi+s="></latexit>

Sparse Lindblad tomogram

Fingerprint image: freepik

L(ρ) =
X

k∈K

λk

⇣

PkρP
†
k
− ρ

⌘

<latexit sha1_base64="4HrDxfo2OzMusvlM4Xpo5VTf+Og="></latexit>

<latexit sha1_base64="yfIBBnicCEvRfWQ8aHTk2KynyMk="></latexit>

Q1

Q4

Q7

Q6

<latexit sha1_base64="Y/T5Q5NU+dfebBRAjAR4G/WPBqc="></latexit>


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Noise tomogram for 20Q Ising-ring Trotter layer

cNOT cNOT cNOT

cNOT cNOT cNOT

cNOT

cNOT

cNOTcNOT
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Noise tomogram for 
127Q Trotter layer

Same number of 

learning circuits 

as for 4Q 
0 10

Zlatko Minev, IBM Quantum
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Simulating transverse-field Ising model time evolution with PEC

Top image: Samuel Velasco/Quanta Magazine

~M :=
X

n

(hXi
n
, hY i

n
, hZi

n
) /N

<latexit sha1_base64="r3q4Uj/ZCqgO5BPbPCBM0FzdmHM="></latexit>

Average magnetization 

density?

Spins

J: exchange coupling between neighboring spins 

h: transverse magnetic field 
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Step 1: Map to quantum circuit

<latexit sha1_base64="msrU/01FIubO4TuYVXnzkeovfEE="></latexit>

exp

⇣

−iĤt

⌘

Time evolution

See lecture by 

Frank Pollmann

p
ik

is
u

p
e

rs
ta

r
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Step 1: Map to quantum circuit

<latexit sha1_base64="msrU/01FIubO4TuYVXnzkeovfEE="></latexit>

exp

⇣

−iĤt

⌘

<latexit sha1_base64="39N6f9+jWpqGyMTiMI+CqamhYxg="></latexit>

Decompose into native gates that

we can actually implement on the QPU

<latexit sha1_base64="5dtg5ChUAMo4OZ5MyP0IkE8ReRY="></latexit>

RX(φ)
<latexit sha1_base64="l682nbklMGkq8fmt+Kefrj26o1Y="></latexit>

RZ(θ)
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Step 1: Trotter circuit (30 sec)

The product formula describing the time evolution of a quantum system over time t is

  See lecture by Frank

For error bounds, see arxiv:2302.14592

<latexit sha1_base64="GfkypuPVokABV7iYIj2A+YyTDtw="></latexit>

exp
⇣

−iĤt

⌘

≈

D
Y

d=1

Ûk (∆t) ,

Uk: Unitary time evolution over a finite Trotter time-step 

delta t for k-th order Trotter-Suzuki product formula

<latexit sha1_base64="VYX/jKrUrIpuI5OzOotMxz5bkMI="></latexit>

Û1(∆t) =

NY

j=1

e−iĤj∆t ,

First order expansion

<latexit sha1_base64="msrU/01FIubO4TuYVXnzkeovfEE="></latexit>

exp

⇣

−iĤt

⌘

<latexit sha1_base64="B3rIurJ/3SlM7q7yPZxc66r1rzU="></latexit>

Ĥ = −J

X

j

ZjZj+1 + h

X

j

Xj = −JĤZZ + hĤX

<latexit sha1_base64="tex1fFHS0TNVPv89aOHxypd6inA="></latexit>

ĤZZ =

X

j

ZjZj+1

<latexit sha1_base64="CY2HIFwBypmfzhGIf7vAGtsa/oI="></latexit>

ĤX =

X

j

X̂j
<latexit sha1_base64="foVSDfO2FG335jiDkgTC8Bcw4Hc="></latexit>

exp

⇣

−iĤt
⌘

≈

h

exp

⇣

iJĤZZt/d
⌘

exp

⇣

−ihĤXt/d
⌘id

δt := t/d

First order Trotter
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<latexit sha1_base64="cD44gY11d3+JxgCd79/LiscxAb8="></latexit>

exp

⇣

+iJĤZZδt

⌘

<latexit sha1_base64="xTsWA6dvY3Ujd8ywzv44Y6MLbZA="></latexit>

exp

⇣

−ihĤXδt

⌘

Step 1: Map to quantum circuit

<latexit sha1_base64="msrU/01FIubO4TuYVXnzkeovfEE="></latexit>

exp

⇣

−iĤt

⌘

<latexit sha1_base64="q+LpzXMDf4xf+YTZn40SfKB1+cA="></latexit>



















<latexit sha1_base64="P7hIltnElu+cu/kklePDY5wEpos="></latexit>



















d
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Step 1: Trotter circuit (30 s)
<latexit sha1_base64="cD44gY11d3+JxgCd79/LiscxAb8="></latexit>

exp

⇣

+iJĤZZδt

⌘

<latexit sha1_base64="nq5y3bJ2kzq52duQGkF9kp3cXt4="></latexit>

RZZ(θ) =

RZ(θ)

<latexit sha1_base64="jL2NWC+T9un9arIlZ9rIIbpDM2M="></latexit>

exp

0

@

−i
θ

2

n−1
X

j=0

ZjZj+1

1

A = (use [ZjZj+1, Zj0Zj0+1] = 0)

(θ := −Jδt) =
n−1
Y

j=0

exp

✓

−i
θ

2
ZjZj+1

◆

=
n−1
Y

j=0

RZZ (θ)

<latexit sha1_base64="uDz86kehGvauW0d5QkwpahFDfHw="></latexit>

RZZ (θ) = exp

✓

−i
θ

2
ZZ

◆

= cXRz (θ) cX

<latexit sha1_base64="i4xDi14rqN374d3mEe2+GQ7ORvs="></latexit>

θ := −2Jδt
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Step 1: Decompose into native gates

<latexit sha1_base64="cD44gY11d3+JxgCd79/LiscxAb8="></latexit>

exp

⇣

+iJĤZZδt

⌘

<latexit sha1_base64="Bsd3dTOYJfe8gh6VnfcXzykxPYw="></latexit>

0

RZZ(θ)

1

RZZ(θ)

2

RZZ(θ)

3

RZZ(θ)

4

=

<latexit sha1_base64="39N6f9+jWpqGyMTiMI+CqamhYxg="></latexit>

RZ(θ)

RZ(θ)

RZ(θ)

RZ(θ)

=
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Step 1: Decompose into native gates

=

<latexit sha1_base64="xTsWA6dvY3Ujd8ywzv44Y6MLbZA="></latexit>

exp

⇣

−ihĤXδt

⌘

<latexit sha1_base64="S64s2QicGw0Fe5CmTOJHD9BexFw="></latexit>

Q0 RX(φ)

Q1 RX(φ)

Q2 RX(φ)

Q3 RX(φ)

Q4 RX(φ)

=

<latexit sha1_base64="ZwL0Vy4Y1H1H7xR5uBv3X7kgb5Q="></latexit>

RX (φ) := exp

✓

−

1

2
φX

◆

<latexit sha1_base64="aNXrklvTuNrmstAfzKTZVay0Tlg="></latexit>

φ := +2hδt
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<latexit sha1_base64="msrU/01FIubO4TuYVXnzkeovfEE="></latexit>

exp

⇣

−iĤt

⌘

Step 1: Quantum Hamiltonian time evolution

<latexit sha1_base64="8uiIHOc/eDVQU6UleNGoLD0q4hQ="></latexit>

Q0 RX(φ)

Q1 RX(φ) RZ(θ)

Q2 RX(φ) RZ(θ)

Q3 RX(φ) RZ(θ)

Q4 RX(φ) RZ(θ)

d
<latexit sha1_base64="PXlw0Qp0b5GWX2jsAxY8xbEL98s="></latexit>
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























<latexit sha1_base64="gjN8qi6yjDRr0si1AjcoB9DLEbM=">AAAHXHicnVXfjxs1EN6WcilbCi2VeOFl4BSplZIoie6uLSLoSh/gpVAk7lqRDZXXO9lY8dpb27lcbrX/B6/wX/HC38J4d7nLj0NqsZLV7HzfjD+Px944l8K6fv+vGzc/uPXhXuv2R+Gdj+9+8um9 </latexit>



























Decomposed into quantum computer 

native gates
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<latexit sha1_base64="8uiIHOc/eDVQU6UleNGoLD0q4hQ="></latexit>

Q0 RX(φ)

Q1 RX(φ) RZ(θ)

Q2 RX(φ) RZ(θ)

Q3 RX(φ) RZ(θ)

Q4 RX(φ) RZ(θ)

<latexit sha1_base64="msrU/01FIubO4TuYVXnzkeovfEE="></latexit>

exp

⇣

−iĤt

⌘

Step 2: Decompose into layers

d
<latexit sha1_base64="PXlw0Qp0b5GWX2jsAxY8xbEL98s="></latexit>



























<latexit sha1_base64="gjN8qi6yjDRr0si1AjcoB9DLEbM=">AAAHXHicnVXfjxs1EN6WcilbCi2VeOFl4BSplZIoie6uLSLoSh/gpVAk7lqRDZXXO9lY8dpb27lcbrX/B6/wX/HC38J4d7nLj0NqsZLV7HzfjD+Px944l8K6fv+vGzc/uPXhXuv2R+Gdj+9+8um9 </latexit>



























Decomposed into 2Q gate layers

Layer 1 Layer 2

Layer 1 Layer 2
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<latexit sha1_base64="R1x7WB1PL20yi8M6WGUY9AbFCtY="></latexit>

Step 2: Learn the noise on each layer

Layer 1 Layer 2
<latexit sha1_base64="R1x7WB1PL20yi8M6WGUY9AbFCtY="></latexit>

Q0

Q1

Q2

Q3

Let’s make even simpler, and make it 4 qubits (instead of 5 for our first example)

<latexit sha1_base64="R1x7WB1PL20yi8M6WGUY9AbFCtY="></latexit>

See lecture 2 for learning the noise

<latexit sha1_base64="ZTTGxeYbUscPPIxll3J38bNkeNQ="></latexit>

Λ1

<latexit sha1_base64="XCucrwaXGt7AEBwO1TuNTl5kZcU="></latexit>

Λ2
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Step 3: Cancel the noise
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<latexit sha1_base64="R1x7WB1PL20yi8M6WGUY9AbFCtY="></latexit>

<latexit sha1_base64="R1x7WB1PL20yi8M6WGUY9AbFCtY="></latexit>

See lecture 1 for 

implementing the 

inverse

Twirl to make 

sure noise is a 

Pauli channel

Will need to 

measure in X, Y, 
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Ideal Ising model evolution

h = 1, J = −0.15, δt = 1/4
<latexit sha1_base64="QqEkKC86B2xmIoCtzb9iHE7kK/U="></latexit>

k ~M � ~Midealk2/k ~Midealk2
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ErrorIdeal result

~M :=
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(hXi
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, hY i

n
, hZi

n
) /N
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4Q, 15 steps, depth 60
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Without PEC: but with DD & twirl readout mitigation

h = 1, J = −0.15, δt = 1/4
<latexit sha1_base64="QqEkKC86B2xmIoCtzb9iHE7kK/U="></latexit>

k ~M � ~Midealk2/k ~Midealk2
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Error

15 steps, depth 60
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With PEC

h = 1, J = −0.15, δt = 1/4
<latexit sha1_base64="QqEkKC86B2xmIoCtzb9iHE7kK/U="></latexit>

k ~M � ~Midealk2/k ~Midealk2
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15 steps, depth 60
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With vs. without PEC

h = 1, J = −0.15, δt = 1/4
<latexit sha1_base64="QqEkKC86B2xmIoCtzb9iHE7kK/U="></latexit>
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With vs without PEC: 10 qubit high-weight observables

h = 1, J = −0.5236, δt = 1/4
<latexit sha1_base64="2Ayjuu9IR6iK+8U2WVDtwvTqsoo="></latexit>
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With vs without PEC: 10 qubit high-weight observables

h = 1, J = −0.5236, δt = 1/4
<latexit sha1_base64="2Ayjuu9IR6iK+8U2WVDtwvTqsoo="></latexit>
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With vs without PEC: 10 qubit high-weight observables

h = 1, J = −0.5236, δt = 1/4
<latexit sha1_base64="2Ayjuu9IR6iK+8U2WVDtwvTqsoo="></latexit>
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Scaling and error budget
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Error

503224168421

PEC on 50 qubit observables

Without PEC

With PEC

Weight of mitigated observable
See research.ibm.com/blog/gammabar-for-quantum-advantage 

50Q

2 layers of 
cNOT gates

Z stabilizers of increasing weight

<latexit sha1_base64="y7RRd/yaWAlgoO9RolMRjY7Xsag="></latexit>

...
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Path to 100+ qubits?

See also on speed: A. Wack, et al., Quality, speed, and scale: three key attributes to measure the 

performance of near-term quantum computers (2021).

Estimating 
PEC overhead 
for Trotter 
circuits 
comprising 
100 qubits

1 day of runtime 
(at 1 kHz)
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Path to quantum computing

Noise-free estimators can be obtained from noisy quantum computers 

TODAY, at a runtime cost that is exponential in number of qubits n and 

circuit depth d

β is a measure of the time per circuit layer 

   operation (CLOPS) (increase by pushing speed)

n is the number of operational qubits 

   (increase by pushing scale)

d is the depth of the quantum circuit

Runtime = β d  ( g ) n d seconds
_

g is a measure of the collective quantum noise 

   (increasing quality brings it closer to 1)

_

https://research.ibm.com/blog/gammabar-for-quantum-advantage

You can further reduce runtime using light 

cones and other strategies.
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Path to utility of quantum computers before error correction

https://qiskit.org/documentation/partners/qiskit_ibm_runtime/tutorials/Error-Suppression-and-Error-Mitigation.html 

We need improvements in

scale, quality, and speed.

We want to 

get here 

https://qiskit.org/documentation/partners/qiskit_ibm_runtime/tutorials/Error-Suppression-and-Error-Mitigation.html
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PEC + ZNE for 127 qubits

Kim, Eddins, Anand, et al. Nature (2023)

arXiv:2306.17839 
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<latexit sha1_base64="R1x7WB1PL20yi8M6WGUY9AbFCtY="></latexit>

Q0 RX(φ)

Q1 RX(φ) RZ(θ)

Q2 RX(φ) RZ(θ)

Q3 RX(φ) RZ(θ)

4 qubits x 4 gate layers

one gate layer
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Big picture

   Quantum computers status

   Why error mitigation?

      Noise in quantum computers

      Overview of error mitigation

Mitigation fundamentals
  

   Probabilistic error cancelation (PEC)

      Introduction

      One qubit example

Quantum Noise and Error Mitigation 

Lectures 1 and 2

road based on: freepik; Monster image by jcomp on Freepik

Lecture 2
  

Learning noise 

State-of-art mitigation 

experiments

Hardware

Outlook
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Photo: F. Schmutzer

The important thing is not to stop questioning. 
Curiosity has its own reason for existence. 

One cannot help but be in awe when they 
contemplate the mysteries of eternity, of life, of the 
marvelous structure of reality.

It is enough if one tries merely to comprehend a 
little of this mystery each day.

IBM Quantum@zlatko_minev zlatko-minev.com
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Bonus content
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Comprehension questions

QUESTION 1. Which of the following is a primary goal of quantum error mitigation techniques?

A) To completely eliminate all errors in quantum computations, thus giving zero bias for any depth circuit within 

reasonable shot budget.

B) To reduce the effective error rate in quantum computations to acceptable levels without requiring additional 

qubits, but at the cost of more sampling.

C) To replace faulty qubits with error-free qubits.

D) To enhance the speed of quantum gates.

QUESITON 2. Which of the following statements best describes the concept of probabilistic error 

cancellation in quantum computing?

A) It involves using classical error correction codes to detect and correct errors in quantum circuits.

B) It refers to the use of redundant qubits to store quantum information, thus preventing errors from occurring.

C) It is a technique to estimate and mitigate the impact of noise in near-term quantum computations by applying 

the noise channel on average.

D) It uses quantum error correction codes, such as the surface code, to identify and correct errors directly on 

quantum bits.
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(ADVANCED – OPTINAL)
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Language of errors and error mitigation
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ρ ∈ L(H)
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|Âii $ Â
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S|Âii $ S
⇣

Â

⌘

Notation: Super bra ket
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Vectorization isomorphism
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Γ = {I,X, Y, Z}
⊗n
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Stochastic Pauli channel
<latexit sha1_base64="Ymxa0pt5IahEzPqQSKKfX5s28cs="></latexit>
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Probabilistic error cancelation: Derivation



Zlatko Minev, IBM Quantum (99)

Probabilistic error cancelation: Derivation
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Probabilistic error cancelation: Derivation
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Probabilistic error cancelation: Derivation
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Circuit expectation values
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Circuit expectation values
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Circuit expectation values
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Circuit expectation values
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Quasi probability distribution
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E mitigated
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Estimator
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Probabilistic error cancelation: Derivation
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Unbiased estimator
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Probabilistic error cancelation: Derivation
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Generalizing: Raveling trajectories with quasiprobabilities

Discussions with David Sutter

Technique     Channel C

 Prob. error cancelation (PEC)  noise inverse

 Cricut cutting (knitting) of gates  non-local gate

 Cricut cutting of wires   large unitary

 Classical sim. algorithms (QP)  unitary

Putting the following techniques all on the same footing

Real coefficients, turn 

into quasi-probability

CPTP operation we 

can implement
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