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Quantum computers

A quantum
computer installed in
the the lobby

of a research building
dutifully executing jobs

Biggest Problem: Noise

Mitigation

Quantum simulation on a quantum computer

Execute on 3 real quantum computer device and obtain results as classical data

Vol
| ] ) 1

Error mitigation landscape

Zero-noise extrapolation (ZNE)

Probabilistic error cancelation (PEC)

| more information,

100,000-qubit
quantum-centric
supercomputer

2033

Classical connections

Quanttum conmections
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Quantum Error Mitigation

Lecture 2
Mitigation fundamentals
Probabilistic error cancelation (PEC) Learning quantum noise Putting.it together.
Summarize one qubit example Challenge Experiments — Ising moc?lel
Analogy to random walks Overcoming Cf)nsequences for the big
Error bars & confidence Sparse model picture

Hardware progress

Appendix:
Generalized
Show unbiased estimator

Zlatko Minev, IBM Quantum (6)



Canceling noise with noise
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probability

Py =11-glly

How to implement?

random circuits
(quantum trajectories)

""" ~ M

Qi — A THAHI A

-_— e ==

_II____/
e . M s=sig(lg)
Qi T HAHT : R XSy =
+ |
PR . My sy=sign(@)
Q1 —{ XHAHI : W XSx F

- e e am == =

sampling overhead
Y =[1-g] + 14|

\ \
0 0.2 0.4

P

mitigated expectation

(M) = ~(s1PrM; + sx Px Mx)

Gain: Bias-free estimate!

Cost: Variance

Zlatko Minev, IBM Quantum (8)



More qubits, gates, and channels

AT

-— e - = = = =

Quasi probability
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Generalizing: Raveling trajectories with quasiprobabilities

Channel we want

Putting the following techniques all on the same footing
to implement

CPTP ti
PRI Technique Channel C
can implement
| l Prob. error cancelation (PEC) noise inverse
. Cricut cutting (knitting) of gates ~ non-local gate
C(-) =) aiFi(-)
p Cricut cutting of wires large unitary
‘ Classical sim. algorithms (QP) unitary

Real coefficients, turn
into quasi-probability

Discussions with David Sutter Zlatko Minev, IBM Quantum (10)



Deep dive:
Probabilistic error cancellation (PEC)

Got Slides?

SCAN ME

Paper: Nature Physics (2023)

Ewout van den Berg, Zlatko K. Minev, Abhinav Kandala, Kristan Temme

Zlatko Minev, IBM Quantum (11)



“In God we trust—
all others bring data.”

W. Edwards Deming
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Hand Image by iconicbestiary on Freepik Zlatko Minev, IBM Quantum (13)



¢ shotl

| deal single qubit measurement with M shots

shot M

M shots with IID distribution
M outcomes: independent and identically distributed (iid) random variables

X1, Xo,.... X EX
Xl,XQ,...,XM NPI[XZLU] — <,LAL(.ZIZ‘)>

Empirical mean random variable (sample mean statistic)

1 M
S = § X Find the expectation value and g
M ! m variance of the empirical mean
m"m =

Zlatko Minev, IBM Quantum (14)



Empirical mean: an unbiased estimator

r shot1 S — i } : X Find the expectation value and d
P — /7( — X M / m variance of the empirical mean
m=

E[X,=E[X]=p Vme{l,...,M}
E[aX,, + bX,] = aE [X,n] + bE [X,,]

s
|
H
s
=
n
gj
< -
M=
3

L m=1 i
M Ym,n, a,beC
1
— M Z b [X] linear functional
.= m=1
~' — expectation value of a single shot
shot M ) L [X]
X > . M relation to quantum operator we
P ; — M - derived earlier (unbiased estimator)
/ _
=D relation to probability to measure 1

Zlatko Minev, IBM Quantum (15)



How noisy is our estimate of the empirical mean?

¢ shot 1l

shot M

1 M
S:M;Xm

1 M
LI

1 M
:Wﬂ;w){]

VIS =V

1

M

_p(1—-p)
M

VX]

Find the expectation value and g
variance of the empirical mean

Use key identity for variance
V[aX,, +bX,] = a’V[X,,] + b*V[X,]

(you can derive this from the definition)
ViXp|=V[X]=p(1-p) VYVme{l,... M}

The variance is reduced by the number of
sampler we take!

Thus we can suppress the quantum
projection noise with enough shots.

The standard deviation drops as one over
square root of the number of shots.

Zlatko Minev, IBM Quantum (16)



Animation of convergence of shots expectation value and mean

Probability mass function B(,=0, p=0.5)

Binomial distribution

(f)pk(l —p)M
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Sample mean S
Zlatko Minev, IBM Quantum (17)



Probability

Sampled output distribution
Probability mass function B (M = 101,p = 0.5)
0.06 M)

0.04
0.02
0.00 ‘ | | ‘
0.0 0.2 0.4 0.6 0.8 1

Sample mean S

.0

Zlatko Minev, IBM Quantum (19)



Properties of the output distribution

Probability mass function B (M = 101,p = 0.5)
008 i

©
o
S

Probability
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0.00 \ | - | \
0.0 0.2 0.4 E[5] 0.6 0.8 1.0
Sample mean S

Zlatko Minev, IBM Quantum (20)
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Probability

Error Bound on Quantum Expectation Values
Concentration Measure for Sampling Expectation Values

0 0.2 0.4 B3]

Sample mean §

Empirical mean & sample properties

1 M
S = M;O(Xm)

Very general scaling for
sampling problems!

Chernoff-Hoeffding two-sided tail bound, given |O (x)| < 1 for

€ specified (additive) precision (worst case additive error) for S \
with success probability at least 1 - 6.

Ly
Pr HS — <OA>‘ > 6} < 9 :=2exp (—%M€2>
t

0 specific failure probability for
meeting precision € empirically.

Tf. required number of shots is at least [or with high probability (greater than 2/3)]
M >2e?log (267") [M Z 4e?]

* Can find even tighter bound here owing
to smaller [0,1] range

Note that this scales same way (mod &8) as the variance bound with € = o:

M > 16_2
4

Zlatko Minev, IBM Quantum (22)




| deal single qubit measurement with M shots

(A=

shot 1
p— = X2

shot 2
p— = XM}

Probability mass function B(N=101, p=0.5)

0.08

0.06

Probability
o

0.00!
0.0 0.2 0.4 0.6 0.8 1.0
Sample mean

Observe that the probability ¢ is much
cheaper than the precision &.
Observe, n is not part of the equation.

“Knowing you are not wrong is cheaper than
knowing you are right.”

Tail bound on sample complexity

M > 2e ?log (25_1) M Z 46_2}

E 10° — ) = (.1 E
% : —_— =001 [
EL 10° — § =0.001
< B i
2 103 E -
- = -
@) B |

2 L i
= 10}
g C .
o (T

102 1071 10°

Additive precision €
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oncentration inequalities and tail bounds

1. Probability (Technical note 11.9 v0.6)

1A. Concentration inequalities and tail bounds

Making a list,

checking it twice,

going to see

which inequality

is nicel!

Markov? Hoeffding?
Jensen? Chebyshev?

Chernoff?

https://www.zlatko-minev.com/blog/

inequalities

Unless otherwise specified, all variables are real R. Inequalities come as one-sided Pr (- < -+ ) and two-sided Pr(|---| < -.-). Notation: X is a random variable, y := E[X], 0% == Var[X], §,, = X +---+ X,

Inequality

Markov'
extension

Reverse Markov

Chebyshev”

Cantelli

Chernoff?
Jensen

Hoeffding's lemma

Chernoff-Hoeffding
(one-sided)

(two-sided)*
(two-sided iid)
Thm 1.3
Azuma

Weak law of large
numbers

Strong law of large
numbers

Bennett

Bernstein

Efron-Stein

McDiarmid's

Conditions

Non-negative
+ non-negative, strictly
increasing func ¢

upper-bounded by U/
(can be positive)

Finite mean and variance

Improved Chebyshev

Generic

n independent random
vars

(same as above)

same plus iid, range,
mean p for each

n independent random
vars

n independent iid

X>0

X >0

@ (X) > 0 increasing
max X = U

E[X], Var [X] finite

(same; but one-sided)

f:R = R; f convex

E(X]=pn
a<X<b

Xiycoend X, indep
Sn=X1++Xn
Xi € lag, by Vi

Kiyonnsd (n € [0,1]
E[X;]=p id
Xaistsniad X, indep

Sa=X1+:+Xn

Xiseiseyd X, indep

random vars E[X:]=u iid
(same) (same)
Advanced

n independent R, PRERANRD X, indep
zero-mean E[X;] =0 iid
(same) (same)

scalar func of vars > ORI X, indep
f:x" >R w/ values in set x
scalar func of vars Kysaonisd X, indep
f:x" =R w/ values in set x

Common form

Single random variable
Pr[X >a] < !%J
E((X))

Pr[X > a] = Pr[#(X) > ®(a)] < o

]

—a

Pr[X <a] < lll,
Pr[|X —E[X]| > a] < %
Pr[X - E[X] >ad]) < T gl

Pr[X >a] =Pr [r"" > eta]
FEX]) <E[f(X)]

N A2(h—a)?
E [('* \] < eMe—F

Sum of random variables

ol , —2¢83?
Pr[S, — E[Sh] > 1] < exp (m)

242
Pr(|Sn — E[Su]l > t] < 2exp (‘T_."f%?‘)
Pr [| 's;;’l - ;AI > t] < 2exp (~2ne?)

3 v D "P’
Pr([Sy —E[Sn] > ¢ < 2exp (m)

limys00 Pr “7‘.5‘" - u| > ¢] =0

Pr [limnAm ﬁh‘,. - u] =1

Pr[S, > ¢ <exp (—vm"h ("—"r-,))

v —lll2
Pr(Su > €] <exp m)
Var(7] < Y0 B[ (2 — B [2))?]

Pr(f (X1;---,2 Xa) =B [f (Xyy0543 Xl _>.]<cxp(

¥ Markov's inequality bounds the first moment of random variable. Use it when a

bability bound is sufficient [1, Sec. 3.3].

Notes / Altermate form

Va>0 PrX>kE[X]|<§ k>1

263

0 oF)

" y
f1 €7)

)

Ya>0
Va>0

Pr(|X -E[X]|2a-0]< &
Va >0, o? = Var|[X]
Ya >0, 02 = Var [X]

V>0, aeR

AER

vee (0,3)

Ve>0

¢ € (0,2 Var [Sn] / (max; | X - E[X:]])

[3, Sec. 5.1][6, Thm 1.13]
Wiki

[1, Sec. 3.1]

[1, Sec. 3.2]

3, Sec. 5.1][2, Thm 18.11]
Wiki

[1, Sec. 3.3]

[3. Prob. 5.3][6, Thm 1.14]
(1. Sec. 3.4)

[1, Sec. 3.5]

[5, Thm.1.1]

[6. Thm 1.16]

[5. Thm. 1.3]

Ye>0 3. Sec. 5.2]6, Thm 1.15]
[3. Sec. 5.5]

o= 19" Var[Xi],Ve>0, [1, 4.1)

h(a):=(1+a)log(l +a)—afora>0

(same) [1,4.2)

Z = g(Xyyiessd Xn) [1.43]

E;[Z] = E[Z|X1,....] L SN, |

condition: ¢-bounded difference property Ve > 0 [1, 4.4]

e Xiyoosv Xn) = F(X10e-

’Chd:ylhev is derived from Markov. It bounds the second moment. It is the appropriate one when the varance o is known, If o is unknown, we can use the bounds of X & [a, b]

3 Chernoff bound is used to bound the tails of the distribution for a sum of independent random variables. By far the most useful tool in randomized algorithms [1, Sec. 3.3

iXfsos i Xn)| S 6

“This probability can be interprated as the level of significance « (probability of making an error) for a confidence interval around the mean of size 2¢. Therefore, we require at least log (2a) /2t samples to acquire | — o confidence interval E [X] ke

Zlatko Miney

Zlatko Minev, IBM Quantum (24)



https://www.zlatko-minev.com/blog/inequalities
https://www.zlatko-minev.com/blog/inequalities

s it possible to learn the noise
with accuracy, efficiency, and scalability?

Ql"' —

’
I
|
I
I
Q2..._ _:_ i
I
I
I
I
1
I
I

Energy relaxation T, '\> AR Control errors

Photon shot noise

1/f charge noise

1/f flux noise

Nonequilibrium quasiparticles
Leakage

Cosmic rays

Dephasing T,

Coherent errors ZZ

Classical crosstalk

Quantum crosstalk

State preparation error
Measurement correlated errors

Zlatko Minev, IBM Quantum (25)



PEC: Nice, but why hasn't worked so far for experiments?

Practical challenges

Small scale Critically hinges on knowing the full noise
near perfectly

Ql—A_l:A-IE X

Despite the method’s theoretical appeal (1-10), practical challenges
have limited its demonstration to the one and two-qubit level (2, 3)

S. Endo, S. C. Benjamin, Y. Li, Physical Review X 8, 031027 (2018).

C. Song, et al., Science Advances 5, arXiv:2109.04457(2019).

S. Zhang, et al., Nature Communications 11, 587 (2020).

C. Piveteau, D. Sutter, S. Woerner, arXiv:2101.09290 (2021).

S. Endo, et al., J. Physi Soc. of Japan 90, 032001 (2021).

C. Piveteau, et al., arXiv:2103.04915 (2021).

R. Takagi, Phys. Rev. Research 3, 033178 (2021).

R. Takagi, S. Endo, S. Minagawa, M. Gu, arXiv:2109.04457 (2021).
Y. Guo, S. Yang, arXiv preprint arXiv:2201.00752 (2022).

RBWLoNOULRWDNPRE

Zlatko Minev, IBM Quantum (26)



PEC: Nice, but why hasn’t worked so far? Challenges

Small scale

A—l

-— e ==

Q1 —

Large scale /
P — - — o —

/

Q2 —

Qn_

AT

— e = = = == =

2 qubits 255 parameters
10 qubits 1012 parameters
50 qubits 10%0 parameters

noise param values 10 - 10™
additive error sampling cost (>1O2 — 1010)

Challenges
learning complexity noise in full device
« efficient e cross-talk
* scalable e correlated errors
e accurate * parallel gates

* compact, tractable representation

Zlatko Minev, IBM Quantum (27)
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Learn
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Step 1: Simplify the noise

Ql"'
QQ"'

noise that includes cross-talk errors, etc.
characterized by some 4" x 4" matrix

Zlatko Minev, IBM Quantum (29)



Step 1: Simplify the noise: twirl

twirl reduces to noise 4" x 4" matrix to diagonal one with 4" entries in Pauli basis

I / \
1 |
P. | T - ! |
.:_ Z’l Pzal 1 + | T
I ! ! [
| & +6)| ! I
3 Pz’,2 o n P@ 2 : o I O
I A, | ' I A Z/{ !
I ? 1 I 1 1 I
A 7 I average over |
' (P G >, * | !
: | twirl instances : '
— - 1
I P T ]L ! o m | L
. | . - |
.:- b7 Pzan | ! 1
\ 1 N o e e o= o - -
Twirling references _ Stochastic Pauli channel
1. C. H.Bennett, G. Brassard, S. Popescu, B. Schumacher, J. A. Smolin, Tutorial "
W. K. Wootters, et al., Phys. Rev. Lett. 76, 722 (1996). 47 —1 ;
2. E.Knill, arXiv:0404104 (2004). A — C P P
3. 0.Kern, G. Alber, D. L. Shepelyansky, EPJ D 32, 153 (2005). ¢ (p) Z iataPlq
4. M.R. Geller, Z. Zhou, Physical Review A 88, 012314 (2013). X a=0
5. J.J. Wallman, J. Emerson, Physical Review A 94, 052325 (2016) SCAN ME
6. Hashim et al., Phys. Rev. X 11, 041039 (2021) A(Pa) = faPa eigenvecs are Paulis
7. Tutorial: zlatko-minev.com/blog/twirling (2022) _ _ _
g * some sub-Clifford twirl group (use Paulis) Zlatko Minev, IBM Quantum (30)



Step 2 wish: amplify noise

for the i-th layer k repetitions

0, —{B: E - B]

/7(
Q: —B; o B

Qn —{ B. — = B} H~

n
prepare circuit in pre- Since diagonal channel measure circuit in same
determined Pauli basis will amplify eigenvalues pre-determined Pauli basis

learn with multiplicative precision
Akin to:
RB, Cycle RB, K-body noise reconstruction, ...
S.T. Flammia and J.J. Wallman ACM Trans QC 1, 3 (2020), ...
For something of a review of protocols, see Helsen, et al., A general framework for randomized
benchmarking (arXiv:2010.07974) Zlatko Minev, IBM Quantum (31)



Notes

For a qubit
In general: A
o |
DE “;% o To
Ap) = '
F 3 [ 5
5 :Z_\A% fe P(—,

Since the channel is linear

Aoy =

1 /- A N A
p=§(1+pxX+pyY+pzZ)

Pauli decomposition of a density matrix is a powerful tool -
offering a versatile representation. It expresses a density matrix as
a linear combination of Paulis, often referred to as the Pauli basis.

Posterior state: Action of the channel on the input state

Pauli decomposition of posterior state

ANt 6B) = a\(R464(3)

NG o 6)

= ZV\E jD€ /\(F6>

) = - I [5 5 P
’3‘ ot reed 9 Cude ack My,



A

(1

A2 5 )

I = ZV\ i /DQ /\(P6> \ {[ﬂ
Jp »@\—”i/{\ S\—' “S‘GJ}' reed 0 Cude &CA%/’W(‘J@

= (
o i L ’
- Z CiaPapPJ - L£ ( é‘ RS lr(PqP(;S: Sqé?’
prs - Ye e Or Hugpoudl
A(Pa) — faPa

50[1/1, oLW ﬁc/ éy 24 uile fw%mm/ e

T K ) STE LR
0r writen auate way: Z;J f{o T&&*‘N@): %, j)c/ lr( +?>\

A
Je T %ﬂ I@TFLPCJP/\[@@)) =

Z’f{, i Al P6>2 | t, .
" ZAA IR on 2@5) @T{PCNPBH

gl \Pc/’ gCC( Zn
5 v/

I

Qiskit Leap, IBM Quantum (33)



Notes

P »@\;imﬁz\ The moasuwred — OuF Coe  Tlu ) (fay woared Tu G é\c 6%J>‘,

<i/>\c>: TF( \é\c y(>

A\ A\
= Tr ( PC Z’ lV\ j)cf Pc’>
T c! 2 ) o
Ai (P): Z CiaPapPa 3 | ﬁf/ﬁ—’?*\> & Ogé!
a=0 2 Jo oh Tr ( 7 PC'\

For a single step

—

A(PCL) — faPa
= B B == ALY
b =
— (I < P Ap>O= LS, 2"
. ( gCBjc) S Nl skl Coeflacit-

\ [< N\ A
N -
— ) |
=l
1, 4

(34)
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— Z CiaPach:,r
a=0

AP,) = fu. P,

Notes

Whet 15 5 f  an otsmry of P, —> .

/\

2Y. Lo Pc_\'% ) f = (3D -\:é(’:r/@
= Ps BB =

For Np,za{/'/v) ﬂt C[wm(/u/ 4 i"VW/

?
e

= pL= L «<RNRD

21’1

- 23 %{ Fe
Le

|

\
N
%
>
N
[/

lwde all Jasaal SPAM

Zlatko Minev, IBM Quantum (35)



for the i-th layer

Step 2 wish: amplify noise

S
Sy
[t

[

prepare circuit in pre-
determined Pauli basis

Akin to:
RB, Cycle RB, K-body noise reconstruction, ...

k repetitions

Since diagonal channel
will amplify eigenvalues
learn with multiplicative precision

S.T. Flammia and J.J. Wallman ACM Trans QC 1, 3 (2020), ...
For something of a review of protocols, see Helsen, et al., A general framework for randomized

benchmarking (arXiv:2010.07974)

B¢
B} 7~
“ .
B, P <l

|

measure circuit in same
pre-determined Pauli basis

Zlatko Minev, IBM Quantum (36)



Step 2: Ideally, amplity the noise and learn

Entangler
k repetitions

¢t~ T T T C T

I I

+ B T

I I

| v I

T i N

|

| Az Uz :

! I

I I

I I

T I 1

! I

N o e e -

. Akin to:
Idea”y wish RB, Cycle RB, K-body noise reconstruction, ...
S.T. Flammia and J.J. Wallman ACM Trans QC 1, 3 (2020), ...
A Erhard et al., arXiv:1902.08543; Ferracin et al., arXiv:2201.10672, ...
7: For something of a review of protocols, see Helsen, et al., arXiv:2010.07974

Zlatko Minev, IBM Quantum (37)



Let's see how the amplification works with gates: no-go theorem

A(Pa) — faPa
2Q example fXY 11 fYZ 11
XY | A XY/ CXI—YZ— A —YZ—/ CX —XY
action of CX here can be undo by SQ gates Jxy JyzXY
2Q example fXI 41 fXX +1
XI A XTI CX —XX— A —XX— CX —XI
action of CX here can not be undone by SQ gates fxrfxxXI

fundamental degeneracy — can not undo some non-local — need entangling operation

Zlatko Minev, IBM Quantum (38)



How to gates move state Paulis around?

cNOT

Example single qubit gates

S

Xl

-h—

~—h— [

(%]

1S

o
HI o
-« (L (
y
2!

O | R M=

Y 0 -

I [ e =

[2]

Zlatko Minev, IBM Quantum (39)



Not so simple to learn noise of entangling gates

Entangler
k Fundamental no-go theorem on learning
A; || U;

e Eeleelelinte lelelh el

-_—es == .- .- .

For general and in-depth
Senrui Chen, Y. Liu, M. Otten, A. Seif, B. Fefferman, L. Jiang
Ideally wish arXiv:2206.06362 (2022)

or supplement of our paper for qubit version and work by
Ai S. Flammia, S Benjamin, and teams.

Zlatko Minev, IBM Quantum (41)




Solution: Custom protocol + weak assumption

Learning circuits

------------ k/2
Q —BiHYH H PHSHF H P! Bl tH R FH—>*
Q—BH—+H H rSrH H Hs! B} Ry /7 *
1 A Z/{ | I A ]/{ |
Q. — B S, si H— Bl H r. -~

Example

I L @
4 L Q4
1 Q7
—H %

C— O

Zlatko Minev, IBM Quantum (42)



Learning the noise: raw data

1 st HH 51 First basis

30
Value

T

0.1 I | | [
9 bases, 100 randomizations, 216 shots 0 20 40 60 80
Depth (k)

Zlatko Minev, IBM Quantum (43)



Learning the noise: raw data

9 bases, 100 randomizations, 216 shots

ZIII

J 2010094240 8¢5

IIIY
S B 1099404124

i B
I o }0.9939+1.3¢-4

151 B uxyq
B i0.9928:41.7e-4

ZYTI

{141 I IYII }0.991&1.7&4

Value

ZIXI
l o }0.98824:2.4¢-4

. ZITY
[ 2 }0.9881:+2.9¢-4

I ZIXY
B }0.987042.8e-4

o 2" curves

Depth (k)

Zlatko Minev, IBM Quantum (44)



Value

0.1

Raw data

L} L} I L
0 20 40 60 80
Depth (k)

Basis index = 0

1.0
0.9
0.8 1
0.7 1
0.6 1
0.5 1
0.4 1
0.3 1
0.2

(zamn,zim)

!
1 (mvnzz):
4 (uxyiyx) :
] (mxynxy):
4 (vizvn):
1 (zixnzivx) :
(zny,z1zz) :
(zixy,z1xy) :
(rvzz,zyiy) :
(ryyx.zyxi) :
(rviv.zvzz) :
(ryx1,zyyx) :
J(rvxy.zyxy) :

1 (marz)
4 (zuzm):
(mz,nzz) :
(ixm,ixm) :
(zxar,zxu) :
(zrz1,z1z1) :
(z11z,2122) :
(1xzraxzr) :
(1x1z,1x22) :
(zx12,2x22) :
(zxz1,2x721) :

1 (mxmx):
A (uxpuxx) -
4 (rvmzzn)
(vym,yyn) :
(xxu,yu) :
(1v1x, zzix) :
1 (y¥ix.yvix) :
(XXX, Y11X) :
(rvxr,zzxx) :
(Tvxx,zzxi) :
(Y¥X1,YYXX) :
(XXXX,Y1XI) :
(XXXI,YIXX) :

£ 0.9942 £ 9.8e-5 1.0

Basis index = 1

0.9940 + 1.2e~4
0.9939 + 1.3e4
0.9928 + 1.7e4
0.9911 + 1.7e4
0.9882 + 2.4e4
0.9881 + 2.9e-4
0.9870 + 2.8e~4
0.9858 + 3.8e-4
0.9857 + 3.7e-4
0.9851 + 3.1e-4
0.9852 + 3.9e-4
0.9843 + 2.6e-4

0.9946 + 9.0e-5 10
0.9942 + 9.8e-5
0.9940 + 1.0e—4
0.9923 + 1.3e—4
0.9895 + 2.8e—4
0.9888 + 1.8e4 (7 -
0.9881 4 1.7e—4
0.9868 £ 2.0e-4 (.6
0.9863 =+ 2.0e—4
0.9838 + 2.4e-4 (.5 -
0.9840 + 3.1e~4

0.4 4
0.3 -

0.2 A

0.8 479

0.1

T T T

25 50 75

Basis index = 7

0.9950 + 7.8e-5 10
0.9933 £ L3ed oo
0.9913 + 1.8e4

0.9893 & 3.4e~4 ¢ o I

0.9880 + 2.3e-4
0.9872 £ 2.9¢4 7 -
0.9855 £ 3.5e~4
0.9843 + 2.9¢4 (1.6
0.9847 =+ 3.6e-4
0.9846 + 3.6e-4 0.5 -
0.9830 + 2.7e-4
0.9821 + 4.5e-4 0.4

0.9821 + 4.9e—4
0.3

0.2

0.1

1 (nxxavi):
(ury,nzz)
(1) :

(uyy,nyy) :

(xam,xxn)
(Ix1y,1xzz) :
(IXXX,1XY1) :

(1Ixyy,xyy) :

§ (x1vr,xxxx) :

(xmy,xxzz) :

§ (xazz,xxy) :

(XXX, XX¥7) @

Ay, xxyy) :

1

i (mzuzy):
4 (uxx,uvi):
4 (uyzuvz):
4 (znzvn):
(xmn,yxn) :
(xzn,xzn) :
4 (z1z,zyvzy) :
4 (1zv1,zvxx) :
°J (1zyz,zyvz) :
1 (xnz,yxay) :
J (avnyxxx) ¢
§ (xzizxzzy) :
A (xivzyxyz) :
“§ (xzxx,xzv1) :
o (xzvzxzyz) :

(1mx,mix) :
(uyrLuyx) :
(1zm,zym) :
(xx,ym) :
(121X,2v1X) :
4 (vamyzm):

0.9941 + 1.0e-4
0.9940 £ 1.3e-4
0.9925 £ 1.7e-4
0.9912 + 1.8e-4
0.9898 + 2.2¢-4
0.9881 £ 3.5e-4
0.9857 + 3.1e-4
0.9854 + 3.6e—4
0.9840 £ 3.0e-4
0.9836 + 2.3e-4
0.9840 + 3.4e-4
0.9826 £ 3.4e-4
0.9826 + 3.6e-4
0.9821 + 4.0e-4
0.9809 £ 4.6e-4

0.9940 + 1.3e—4
0.9940 £ 1.2e-4
0.9923 £ 1.3e4
0.9925 + 1.6e-4
0.9903 £ 2.1e4
0.9866 + 3.2¢-4
0.9866 + 3.2¢-4
0.9851 + 3.3e—4
0.9842 + 3.8e-4
0.9842 + 3.6e-4
0.9844 £ 3.4e-4
0.9843 £ 3.4e4
0.9829 £ 2.4e-4

0.9959 + 7.8e-5
0.9938 £ 1.2e-4
0.9912 + 1.8e-4
0.9880 + 2.3e-4
0.9873 £ 3.0e-4

0.9874 + 3.8e~4
: 0.9849 & 3.2¢-4
: 0.9850 =+ 3.0e—4
: 0.9543 + 2.9e-4
: 0.9836 % 3.6e-4
: 0.9820 + 4.0e-4
: 0.9817 & 4.1e-4
: 0.9816 + 3.0e~4

Basis index = 2

1
1
1
A
& |

0.6 -

0.4

0.3 4
0.2 1

0.1 T T T
0 25 50 75

Basis index = 8

0 25 50 75

(zur,zm) :
(1iz1,00z1) :
(my.nzy) :
(1zn,zzn) :
(ziz,ziz) :
(zuv,zizy) :
(1zz1,2221) :
(1zry,zzzyv) :
(1zzy zz1y) :

(mznzy) :
(1x111vx) :
(nmxz,1xz) :
(rym,zzn) :
(xunyxu) :
(xyInxym) :
(1v1z,222Y)
(ryx1,zzyX) :
(1vxz,zzxz) :
(XIXL,¥XyX) :
(xnz,yxzy) :
: 0.9825 + 3.8e4
: 09822 + 3.7e4
£ 0.9824 + 3.7e-4
: 0.9814 + 4.4e4

(mmx,imx) :
(rozi,nz)
(rxinaxm) :
(nzxzx)
(yunyxi) :
(T IXIx) :
(1xz1,1xz1) :
(Y1x,¥Xix) :
( vz, yxai) :
(1xzx,1x2X) :
(Y1ZX,¥X2X) :

0.9942 + 9.8e-£
0.9946 £ 9.0e-5
0.9932 £ 1.4e-4
0.9925 + 1.5e~4
0.9888 + 1.8e—4
0.9877 £ 1.9e—4
0.9873 £ 1.9¢4
0.9860 + 2.2e—~4
0.9861 £ 2.5e—4

0.9941 + 1.0e—4
0.9939 % 1.3e~4
0.9929 + 1.6e—4
0.9913 £ 1.8e-4
0.9898 & 2.2¢—4
0.9889 + 3.4e4
0.9856 + 3.2¢—4
0.9855 = 3.3e—4
0.9845 % 3.2e-4
0.9835 + 3.8e—
0.9836 * 2.3e-4

0.9959 + 7.8~
0.9946 * 9.0e~%
0.9923 + 1.3e—4
0.9909 £ 2.3e—4
0.9895 £ 2.6e—4
0.9888 + 2.9e~4
0.9868 £ 2.0e~4
0.9854 £ 2.4e—4
0.9838 + 2.8e—4
0.9836 + 3.8e~4
0.9804 = 3.0e-4

Zlatko Minev, IBM Quantum (45)



Reconstructing quantum channel from measurement data

= Z Cq Paij

Zlatko Minev, IBM Quantum (46)



Sparse Pauli-Lindblad model

icon: Eucalyp

Highlight: Ewout van den Berg

Zlatko Minev, IBM Quantum (47)



Dissipator for a given Paul . ﬂ/l /\/] //Ll
Dreys 007 -3lm) P = 9 @ «1:)
pr_-—f’ -
= QD(P«\’“))? - ﬁ XOL OOS:PJ
2[ Ot
et = Tewln DIRI) b L M1AT, 0} =0

Zlatko Minev, IBM Quantum (48)



Each sub channel

ATl = ernGdDiFl )

= e 7%+ 1)) L5
= ZTQLXVJQ%PC\CL) Q\ﬁp[ ), ‘//’ff}) . &

= eyly m €7\{>(?§f)

ni

= G )T cep T - £

Zlatko Minev, IBM Quantum (49)



Each sub channel

A
= eepl 7 fu)
0, Ké)h AN—euly O
> 2 7" E. NJle o >~ f,,
“’-‘@_‘3 A n~08) =]
=

/ ;
Nepd = cosh(¥)E + cinhlrd B

Zlatko Minev, IBM Quantum (50)
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Sparse Lindblad tomogram

Ak (PkPP;I — P)

Ai Value (x103)
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Fingerprint image: freepik

XYZ XYZ XYZ XY!Z

XYYY
Z XY Z

Model

Z X X
Z XY
coefficients

Z
Y

X N

==
XY
Z X

b §
Y

Y
V4

ZZ
XY

Z
£

D I

| I== fE=
XXYYY!Z
YZXYZX

Zlatko Minev, IBM Quantum (51)



cNOT

Noise tomogram for 20Q Ising-ring Trotter layer

cNOT

Noise-model legend I
Coefficient Amplitude (x103)
@ 0 5 10
T e—
XX | XY | XZ 0 2 4
YXIWIYZD —
ZX|zY|zz )

¢ a—p>
|\"

?

\

\ /

p
-

’

T a
|
I

© cNOT

o

cNOT

Zlatko Minev, IBM Quantum (54)



Noise tomogram for
127Q Trotter layer

Noise-model legend

Coefficient Amplitude (x10%)
Same number of

learning circuits
as for 4Q

Zlatko Minev, IBM Quantum



Simulating transverse-field Ising model time evolution with PEC

| G | RN | B B s

H=-JY ZjZja+h) X;
J J

J: exchange coupling between neighboring spins
h: transverse magnetic field

Average magnetization M = Z (X)), (Y) ,(Z) )/N

density? n

Top image: Samuel Velasco/Quanta Magazine Zlatko Minev, IBM Quantum (56)



Step 1: Map to quantum circuit

H

—JZ AVAIRE S hZXj
J J

Time evolution — exp(—iﬁt) —

See lecture by
— — Frank Pollmann

Zlatko Minev, IBM Quantum (57)



Step 1: Map to quantum circuit

H=-JY ZjZj1+h)Y X,
J J

(B [ EEEI | K K

__ Decompose into native gates that
we can actually implement on the QPU

oxp(—it) |— -
B {Rz0)F 4 Rx(9) |
. (0) )

Zlatko Minev, IBM Quantum (58)



mmmmmmmrEeE - Step |: Trotter circuit (30 sec)

The product formula describing the time evolution of a quantum system over time t is
See lecture by Frank

| L D N
T . : —iH; At

-~ exp (—th) = | | Ui (At) Ui (At) = | | e IS

: eXP(-th) : 1 le

I B U: Unitary time evolution over a finite Trotter time-step First order expansion

delta t for k-th order Trotter-Suzuki product formula

A

HZ—JZZij+1+hZXj = —JHz; + hHy ﬁZZ:ZZijH

J J . L
Hx =) X
N N - d /
exp (—th) ~ [GXP (iJHZZt/d) €Xp (_ihHXt/d)} First ordjer Trotter

ot = t/d For error bounds, see arxiv:2302.14592




Step 1: Map to quantum circuit

([ Y BN [ K K

il = —JZZij-H + h
J

2%

J

exp(—z’ﬁt)

2

exp (—I—z’JfIZZCSt)

exp (—ihﬁx&f)

Zlatko Minev, IBM Quantum (60)



Btep 1: Trotter circuit (30 s)

exp (+iJﬁzz5t>

3=0

(9 n—1
exp (—25 Z Zij_|_1

0 .= —2J0t
® ®
S Rz(0) —D

) = (use [Z;Z;11, 25 Zj 1] = 0)

Rzz (0) = exp (—i%ZZ)

= c¢XRz (0) cX

Zlatko Minev, IBM Quantum (61)



Step 1: Decompose into native gates

exp (-Fijﬁzz(%)

0 —
Rzz(0)
1 —
Rz7(0)
9 —|
Rz7(0)
3 —
Rz7(0)
4

1

)

Zlatko Minev, IBM Quantum (62)



1 Step 1: Decompose into native gates

exp(—ihﬁxét)

Qo
Q1
Q2
Q3
Q4

Rx(¢) F—

Rx(¢) F—

Rx(¢) F—

Rx(¢) F—

Rx(¢) F—

Ry (¢) = exp (—%cbX)
¢ = +2hot

Zlatko Minev, IBM Quantum (63)



Step 1: Quantum Hamiltonian time evolution

exp (—z’ﬁt)

2

Qo
Q1
Q2
Qs
Q4

\Ld

Rx(¢) /L

Rx(¢) Hbq Rz(0) /L
Rx(¢) /L Rz(0) D
Rx(¢) Hbq Rz(0) /L
Rx (o) D Rz (0) \u/

Decomposed into quantum computer

native gates

Zlatko Minev, IBM Quantum (64)



Step 2: Decompose into layers

L?lgrl (—(If}/erz - \d

b o{moped 2|
B B Q1 — Bx(¢) [ Bz(0) [ ,L ,L
exp(—z'ﬁt) ~ Q> Rx(¢) /L /LW Rz (0) D
R - Qs 1 Rx(¢) [ Rz(9) [ ,L ,L
] — Qs 1 Bx(9) S Bz (0) \u/

Decomposed into 2Q gate layers

Zlatko Minev, IBM Quantum (66)



Layer 1 Layer 2

Qo
Q1
Q2
Q3

30,6-
S 05 A

. 0.3 1
0.2 1

1.0 .
0.9 \ 4

N ?
0.7 4 \ D
W N

0.4 1

0.1

I 1 I I
0 20 40 60 80
Depth (k)

Step 2: Learn the noise on each layer

Let’s make even simpler, and make it 4 qubits (instead of 5 for our first example)

See lecture 2 for learning the noise

8‘ Sparse Lindblad tomogram
Q7 [ ]
a £(p) = 3" M« (PuoPl - p)
keK—
[0 006
21 | |
S
<0

- 8.40 - 1075

Y1 = 1.0309 -

vo = 1.0384 £2.20 - 104

Zlatko Minev, IBM Quantum (67)



Step 3: Cancel the noise

TR T EEER TR B -

and Z

| |
|
(1 : i ' : b : I ' ¥
| | |
: l : l : I
i i 1 i X
Q2 —1 —1 —1
1 : A1 Z/{l : A2 : A2 Z/{2 : Al : Al Z/{l :
| : | : | | :
[ 1 [ 1 : 1
- - I — - 7 >§
Qn 1 LA 1 I N : sl
VR ™ R ey
. . —@—
Single qubit Twirl to make See lecture 1 for
random Paulis sure noise is a D
sampled N N

Pauli channel

knowing noise inverse

implementing the 1—

—o—
I \L/
U () Zlatko Miney, | Quantum (68)




|deal Ising model evolution

e Ml 2¥ T .
1 S deal M=) ((X),.(V),,(2),) /N
1 i ,/' 5 5 5
,/’, e ||M - Mideal|l2/||Mideal||2
e N < 1.00-
»7 - AN O '

Ad ! M =
l: I’I A \ N v
\ N c

L7 Vo | 5075
I / / \ ] -=
R ' Il ,\ \\\ " —

N 04 | ¢ \ Idealresult % i O Error

~ AN 5 | 0 0.50 A
I \\ \\ / I 5
LN lod 2
\\\ \\ Il ’l %

\\\ IV o e 9 of ’,’ 0 025 7
\\\ ”7” O:

= - 0.00 -

1 | || 1 1 1 1
—1 0 1 0 O 10 19
4Q, 15 steps, depth 60 (Y) Trotter steps

h=1J=-0.15,6t=1/4 Zlatko Minev, IBM Quantum (69)



Without PEC: but with DD & twirl readout mitigation

—o— without PEC

HM - Mideal”Q/”Mideal”Q

1.00

0.75 1

0.25 -

Relative Euclidean error
O
Ct
o
1

0.00 1

/| 0 9 10 15

15 steps, depth 60 (Y) Trotter steps
h=1,J = —0.15,6t = 1/4

Zlatko Minev, IBM Quantum (70)



With PEC

""" |deal —o— with PEC
HM - Mideal”Q/”Mideal”Q
NN s 1.00 -
- N \\\\ 33
N S 0.75 -
l \ Q
ll \‘ I' o
e~ \ ye—
\N/ 01 'l \\ / " g
WY 7 ',' w 0.50 1
I' \\\ : III 'l G>)
% ! [} _':
R / ! (T |
N I ) i 0.25
3 e 2
—14, = | 0.00 ¢ | | |
—1 0 1 0 D 10 15
15 steps, depth 60 (Y) Trotter steps

h=1J=-0.15,6t=1/4 Zlatko Minev, IBM Quantum (71)



With vs. without PEC

© e """ |deal —o—  without PEC —eo— with PEC
§ 1.00 A
o
& 0.75 -
S
O
g 0.50 1
)
2
% 0.25 -
o
|| 0.00 1 | | 1 1
1 0 5 10 15

Trotter steps

h=1J=-0.15,6t=1/4 Zlatko Minev, IBM Quantum (72)



With vs without PEC: 10 qubit high-weight observables

ENEY | EEENEN
- D-O-O-OH-BO-B

Weight 10 without PEC

----- |deal —e— without PEC —o— with PEC

—

L7777777777

Observable
(e

0 9 4 6

Trotter steps

h=1,J=-0.5236,6t =1/4 Zlatko Minev, IBM Quantum (73)



With vs without PEC: 10 qubit high-weight observables

BN | ESENEY
O-D-OHR-OHO-BO-D

----- |deal —o— without PEC —o— with PEC

. Weight 10 without PEC Weight 9 without PEC
g 0 L7777777777 . = 17777777777
3 & 21777777777
' L7177777777
1
L7777777771

0 2 4 6 0 2 4 6
Trotter steps Trotter steps

h=1,J =-0.5236,6t = 1/4 Zlatko Minev, IBM Quantum (74)



With vs without PEC: 10 qubit high-weight observables

EEEY | ENENEY
- D-O-O-OH-BO-B

Weight 10 without PEC Weight 10 with PEC Weight 9 without PEC Weight 9 with PEC

----- |deal —e— without PEC —o— with PEC

Observable
(e

0 2 4 6 0 2 4 6 0 2 4 6
Trotter steps

v IS

h=1,J =-0.5236,6t = 1/4 FER Zlatko Minev, IBM Quantum (75)



Scaling and error budget

Nim



3 PEC on 50 qubit observables

Z stabilizers of increasing weight

Without PEC
With PEC £
g 2 layers of 1 2 4 3 16 24 32 50
i} cNOT gates Weight of mitigated observable

See research.ibm.com/blog/gammabar-for-quantum-advantage Zlatko Minev, IBM Quantum (77)



Path to 100+ qubits?

1012
Depth 400
m= Depth 4000
1010 -
Estimating s 1 day of runtime
PEC overhead i 107 i e
for Trotter o
circuits £ 10° -
comprising ©
100 qubits 2 10%+
=
102
100 — —
10-5 104 10-3

Error (1— f)

See also on speed: A. Wack, et al., Quality, speed, and scale: three key attributes to measure the
performance of near-term quantum computers (2021). Zlatko Minev, IBM Quantum (78)



Path to quantum computing

Noise-free estimators can be obtained from noisy quantum computers
TODAY, at a runtime cost that is exponential in number of qubits n and
circuit depth d

Run‘“me — ﬁ d ( Y) nd Seconds You can further reduce runtime using light

cones and other strategies.

d is the depth of the quantum circuit

Improvements Y
f i1s a measure of the time per circuit layer uningbiit e .58
operation (CLOPS) (increase by pushing speed) (Brooklyn, 65Q)
v is a measure of the collective quantum noise miia R | 2 Sceobertics i
(Ithaca, 650Q) improvements over r2

(increasing quality brings it closer to 1)
Falcon rl0 (Prague, State-of-the-art two-qubit 1.012

n is the number of operational qubits 32Q) gates, reduced crosstalk

(increase by pushing scale)

https://research.ibm.com/blog/gammabar-for-quantum-advantage Zlatko MineV, IBM Quantum (79)



Path to utility of quantum computers before error correction

Classical computer

Quantum error
correction

We want tqg

Runtime

Quantum error
mitigation

We need improvements in
scale, quality, and speed.

Quantum circuit complexity

https://qiskit.org/documentation/partners/qiskit ibm runtime/tutorials/Error-Suppression-and-Error-Mitigation.html Zlatko Minev, IBM Quantum (80)



https://qiskit.org/documentation/partners/qiskit_ibm_runtime/tutorials/Error-Suppression-and-Error-Mitigation.html

PEC + ZNE for 127 qubits

Article
Youngseok Kim"®*, Andrew Eddins*®*%, Sajant Anand®, Ken Xuan Wei', Ewout van den Berg',

EVldenC.e for the Utlllty qu uantum Sami Rosenblatt', Hasan Nayfeh', Yantao Wu®*, Michael Zaletel*%, Kristan Temme' &
computing beforefault tolerance Abhinav Kandala™
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Kim, Eddins, Anand, et al. Nature (2023) Zlatko Minev, IBM Quantum (81)




one gate layer

- I — o

o — Rx(¢) ¢ ’
Q1 — Rx(¢) b Rz(0) <D—9 ’
Q2 — Rx(¢) (¢ - 12(0) €D
Qs — Bx(9) D R2(0) D —

\ 4 qubits x 4 gate layers /

Zlatko Minev, IBM Quantu m (82)




140

Circuit
width x depth 120
one layer
& 100 //f 5 ([ B \\\
+ Qo — Rx(¢) f
2 )
S 80 Q1 —| Rx(9) || R2(6) [
U y—
Tg O Q2 Rx () 1 dn Rz(0) HD
na Qs —| Rx () hed R2(0) | @ —
5 . _/
= 40 o
20 x?’
”0
o @
0 20 40 60 80 100 120 140

Number of two-qubit gate layers (depth)

Zlatko Minev, IBM Quantum (83)



Some early utility- 140
[5] Nishimori

Easier
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* note: quantum advantage with shallow circuits, Bravyi, Gosset, Konig, and related Zlatko Minev, IBM Quantum (84)
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Quantum Noise and Error Mitigation

Lectures 1 and 2

Big picture Mitigation fundamentals  Lecture 2
Learning noise
Quantum computers status Probabilistic error cancelation (PEC) State-of-art mitigation
Introduction experiments
Why error mitigation? One qubit example Hardware
Noise in quantum computers Outlook

Overview of error mitigation ’

Zlatko Minev, IBM Quantum (87)



The important thing is not to stop questioning.
Curiosity has its own reason for existence.

One cannot help but be in awe when they

contemplate the mysteries of eternity, of life, of the
marvelous structure of reality.

It is enough if one tries merely to comprehend a
little of this mystery each day.

Albert Einstein

YW @zlatko minev zlatko-minev.com IBM Quantum



Bonus content
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Comprehension questions

QUESTION 1. Which of the following is a primary goal of quantum error mitigation techniques?

A) To completely eliminate all errors in quantum computations, thus giving zero bias for any depth circuit within
reasonable shot budget.

B) To reduce the effective error rate in quantum computations to acceptable levels without requiring additional
qubits, but at the cost of more sampling.

C) To replace faulty qubits with error-free qubits.

D) To enhance the speed of quantum gates.

QUESITON 2. Which of the following statements best describes the concept of probabilistic error
cancellation in quantum computing?

A) It involves using classical error correction codes to detect and correct errors in quantum circuits.

B) It refers to the use of redundant qubits to store quantum information, thus preventing errors from occurring.
C) Itis a technique to estimate and mitigate the impact of noise in near-term quantum computations by applying
the noise channel on average.

D) It uses quantum error correction codes, such as the surface code, to identify and correct errors directly on
quantum bits.

Zlatko Minev, IBM Quantum (90)



Scaling PEC to n qubits and larger circuits
(ADVANCED — OPTINAL)

image: makc76
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Language of errors and error mitigation

Zlatko Minev, IBM Quantum (92)



Notation: Super bra ket

BELH) 1 g4y & S (A) o
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Familiar ideas revisited with super notation

(P

By) =T (PIB,) = dia I ={I,X,Y,Z}*"
Dj=4"=d° d=2"
a,bel
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Stochastic Pauli channel
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Probabilistic error cancelation: Derivation

From 1 Step
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Probabilistic error cancelation: Derivation

U= uU- U

N & 4 a5DR-
= {_1 e T

Zlatko Minev, IBM Quantum (99)



From 1 Step

Probabilistic error cancelation
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Probabilistic error cancelation: Derivation

P I B
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From 1 Step
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Circuit expectation values
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Circuit expectation values
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Circuit expectation values
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Circuit expectation values
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Quasi probability distribution
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E mitigated
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In this form, the decomposition of the error error mitigated expectation value is
simply a sum over expectation values of Pauli-gate modified circuits,

whose value can be obtained from direct quantum computer execution,
weighted by a probability, c bar b inverse, and the sign.

The elements that perform the weighing and rescaling can all be done in classical
post-processing.
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Probabilistic error cancelation: Derivation
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Unbiased estimator
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Probabilistic error cancelation: Derivation
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Generalizing: Raveling trajectories with quasiprobabilities

Channel we want

Putting the following techniques all on the same footing
to implement

CPTP ti
PRI Technique Channel C
can implement
| l Prob. error cancelation (PEC) noise inverse
. Cricut cutting (knitting) of gates ~ non-local gate
C(-) =) aiFi(-)
p Cricut cutting of wires large unitary
‘ Classical sim. algorithms (QP) unitary

Real coefficients, turn
into quasi-probability

Discussions with David Sutter Zlatko Minev, IBM Quantum (115)



